PROGRAMMING MULTI-PHASE PROCESSES

by Alois VADNAL*)

I. INTRODUCTION

By a multijphase process we mean a process which can be, with
regard to stime, divided into several successive phases, developing with
the time one after another, and where the results of each previous
phase may have an effect on each later one.

Agricultural production, e.g., can be considered a two-phase pro-

cess, as it occurs in two phases: in the first phase fodder is grown on
certain cultivable lands under certain agrotechnical conditions, which
is used, in the second phase, for breeding domestic animals.

A furhter example of a two-phase production is dndustnial produc-
tion in which machines, as intermediate products, are first produced in
the first phase, by which in the second phase, finished articles are
produced.

Multi-phase production problems are very often met with in pro-
duction enterprises which are not vertically specialized and in which,
for whatever reasons, they try to do all the operations »at homex, start-
ing with raw matenials, through phase-articles of various degrees, to
finished articles. In programming multi-phase process there arises the
question of how to do the entire process in order {o achieve the op-
timum from the point of view of the determined, chosen in advance
criterion. In it we confine ourselves to such types of the multi-phase

_processes that lead us, when finally formulated mathematically, 1o the
problems of linear programming. -

Each multiphase process can be decomposed into several succes-
sive onephase processes. In each of such a one-phase process there
occur, as parametres, the results of the previous phases. All these indi-
vidual phases should be programmed in a way so as to achieve the
‘optimum §n the entire multi-phase process. ’

i *) The work on this paper was supported by a grant from the Boris Kidri¢ Foundation
{Sklad Borisa Kidri¢a). .
1 have benefited from discussing this topic with V. Rupnik.
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II. FLOW CHART OF A TWO-PHASE PRODUCTION PROCESS

Each two-phase production process can be first roughly decompo-
sed into two phases. In the first phase we produce, starting from -:c-he
monetary means available and from various elements of the -proc.iu.ct-lon
process, the phase products and then, in the second phase, the ﬁl]lS]}&d
articles. For the needs of the quantitative analysis of the production
process, however, such a decomposition is too rough. For'these Teasons
we shall, in our further research, decompose the production process in
a more detailed way and illustrate it in such a chart of flow that ~will
include all possible various decisions and possibilities that may occur
in a .two-phase production process. The entire chart of flow is shown
in the Figure.
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Figure. Flow chart of a two-phase production process.
monetary means

elements of tlze_prgduct'iou process

— . — . — phase articles

...... finished articles

Decision D;. Monetary means are needed to carry out the ent-ire'
production process. With regard to the quantity of the monetary means
available, it is necessary to evaluate and decide which of the two alterna-
tives exists: whether the monetary means are unlimited (alternative
a;), or the monetary means are limited (alternative b1).

Alternative az. In this aliernative the monetary means available
are unlimited, which practicaily means that they are available in such
a quantity that is necessary for any technical carrying out of a-technolo-
gical process. As the monetary means in this alternative are practically
unlithited we assume that they amount to: :

Ki=o0
In this alternative we have to deal with'a completely technical produc-

tion in which costs are not at all taken into actount; such a :product_ion
is determined only by material and technical capacities.- .




24 EKONOMSKA ANALIZA

As in this alternative the expenditure of monetary means need
not be taken into account in the further production process either, only
the dncome derived from the articles sold is taken into account in the
final objective function. Thus, in ihe chart of flow of the production
process only that part of the flow of the monetary means is taken into
account for determining the objective function, which is manked with
a double continual line. In this alternative we wish to obtain the maxi-
mum dncome from the articles sold.

Alternative by In this alternative the monetary means which can

be invested in the production process, are limited and amount, in corres-
ponding monetary units, to

K; = k.

In this alternative production depends on the quantity of the invested
monetary means, as well as on the matenial and technical capaocities. As,
in this alternative, in the entire further process of production, the in-
flow and ouiflow of the monetary means have to be taken into account,
it is also mecessary to take into account, in the final objective function,
the final balance of the monetary means. Thus, in the flow charnt of this
alternative the entire drawn flow of the monetary means comes into
account. In this alternative we wish to achieve the maximum final ba-
lance of the monetary means.

Decision D,. Various elements of the production process are put
into the production process, such as various raw materials, differently
skilled labour, etc. The elements of the production process participating
in the production process are successively marked with:

Ql:"'l QI}"'|Q5'
There are only Jimited quantities of the individual elements of the pro-

duction process available; these quantities available are shown in the
corresponding units in the matrix:

Purchase prices correspond to the individual elements of the production
process; they are shown in the matrix: : :
U=[|u1, ey L u.”.

Certain quantities of the elements of the production process are put
in the production process, They are shown in the matnix:
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S, = Zs = Z.
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As the available quantities of the elements of the fprodu?tflqn »prgtl:.es’s.
are limited, the quantities put in correspond to the matrix Inequality:

With regard to the purchase of the .element's of the produchm;
process it is necessary to evaluate and decide wi}e*_Lher the ele:mer:t-fsil o
the production process are directly avanlablg and it is not necesszr) tr}ft
to purchase them (alternative aq), or they have to be purchased at the
purchase prices (alternative b2). ' »

Decision D, requires automatically also a corresponding decision
about investing the monetary means in the purchase of ‘the elemeni
of the production process. If it is not necessary to purchase the 1fl«:men
of the production process, then it is mot necessary to spend t le motxi;a-
tary means (alternative as); if, however, it is necessary 1o purc 1gse e
elements of the production process, then it is necessary to spend some
monetary means to the purpose. (alternative be). .

Alternative as. In this alternative the elements of. ~tLhe production
process are directly available and it is not necessary first to purcha}sle
them. For this reasion, in this alternative, we for-rr'lally assume that t Oe
purchase price of all the elements of the production.process equals 0,
thus:

U = 0. l

+

As in this alternative monetary means are not spent, they amount, after
the assumption of the alternative as, to:

Kz = Ki-

The guantities of the elements of the production process, put into the
production, amount to: '
Sg = Z.

Alternative be. In this alternative the elements of the Qroducti.on
pprocess have to be purchased at the determined purchase prices which
are positive:

U >0

In the purchase of the Sz = Z elements of the production process we

spend
gz + ... +uyyz oL Fuzn=US
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monetary means so that there remain, after the realization of this al
ternative

Ke=Ki —USs=k—US,

monetary means available. As the remainder of the monetary means
cannot be a negativne one, it is possible only to purchase such quantities
of the elements of the production process that the inequality is true:

t—US:20. (2,K)

Decision D3. With regard to the terms of putting in the elements
of the production process we have to evaluate and to decide, whether all
the available quantities of the elements of the production process should
be put into the first phase directly (alternative ag), or they should be
put partly into the first phase and partly preserved for the second one
(alternative bj).

Alternative az. In this alternative all the quantities of the elements
of the production process are entirely put into the first phase and are
not needed in the second one. There is a matrix in this alternative equ-
aling @, which is manked with Jetter B and which will be defined later
on. As we have to deal in this alternative, only with the consecutive
order of the elements of the production process, there is no change
in the quantity of the monetary means available, nor in the quantity of
the available elements of the production process. Owing to it the quan-
tity of monetary means, Ky remaining available after the assumption of
this alternative, equals the quantity of the previously available monetary
means Kos:

K3 = K.

For the same reason, the following equation is true also for the tjuah-
tities of the available elements of the production process:

Sy = S,

Alternative bs. In this alternative the elements of the production
process are partly put into the first.phase and partly preserved for the
production in the second phase. In this alternative the above-mentioned
matrix B is a positive one. As this alternative deals only. with the con-
secutive order of the elements of the production process, without chang-
ing any quantities, the following-equations are true:

L. K=K
L S3=S..

toan v e om -

First Phase of Production (Decision Dy). In the first phase of pro-
duction we produce using the monétary means available and the availa-
ble elements of the production process, the phase articles of valous
iypes,. which are successri-vely' marked with: *

B, ......Fj-. .. Fr.
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Let us assume to have, in producing one unit of the phase art-ic_le,
type F; k; money units of direct expenses, and that we spergc{ a;; units
of the element of-the production process Q;. The quantities of t}}e
produced phase articles of the jndovidual types are shown in the matrix

% 4o

.......

X4xr= | 5+

Xr + .\‘Pf 1

The phase articles have the determined selling prices shown in the
matrix
1/=n vh P ) vl, « 2 a2 V/“.

Thus the production process in the first phase is shown in Table 1.

Table 1. First APhase.
Fo...F...Fr Constraints
K Ry . . k.. By Ky
Q, A o« o . Oy « o . Gy 2,
Q1 . ay .. . Qy . .. ay Zi
Q.. L Q. ‘..auﬂ. - st z,- v
Q;‘iae“:?‘ x,.-}-‘.x"fl‘ ,x;—]-rj’.x;—]—x; .
Prices ’ v,...v;...vf
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Starting from the Table determining the production process in the
first phase, we further define the following matrices:

K= ; By . . o k... Ry !|,
Il " m .
J| O3 - - Gy .. Ay !_! Xy “ ol
Ei . . . ii : . “ . I
A N
A = l| Qiy v o . &3 ... Qir i X = :i Xy 'Xp‘z . -‘}7 I
- BN B i
) i i I )
EER I I B B
V:ij L Uj“.

In the first phase of production the expenditure of monetary means
amounts to:

B, (x1+ )+ oo+ ket x?)=K(X+XP).‘

for this reason there remains, after the conclusion of the first phase,
Ky =XK;s— K (X + X*)
of monetary means. As non-negativeness is required, there follows the
inequality:
Ks—K (X + Xr) =0 (4K)
As after assuming alternative as

K3=Kz=k-—U52,

the following inequality is derived from the previous equality:
k—US—K(X+Xr) =0

as the inequality (2,K) is automatically true if only the last inequality
has been true, we may leave it out as a condition in the linear program-
me. Leaving out the inequality (2,K) is, of course, allowed only in the
production process where the alternative a; occurs,
In the first phase of production the elements of the production
process are used
A(X + X7)

therefore, there remain, after the conclusion of the first phase:
Si =S —A(X + X?).

As in each case S; = S,, we obtain from it, owing to the required non-
negativeness for the elements of the production process, the inequality:

S:—A(X+Xr) =z 0. (4,8)

PROGRAMMING MULTI-PHASE PROCESSES 29

Finally, let us establish that there are, after the conclusion of the first
phase of production, phase articles produced available

F, =X 4+ X*.

Decision Djs. With regard to the disposal with the phase articles
produced it is necessary to evaluate and decide whether the phase ar-
ticles will be entirely used in the second phase of production (alterna-
tive as), or they will be used in part in the second phase and in part
sold in the market, thus eliminaiing them from the production process
(alternative bj).

The quantities of the phase articles, used in the second phase of
production have been marked with matrix X, and the quantities to be
sold, have been marked with matrix X7 .

Alternative as. In this alternative we use all phase articles pro-
duction, and so we do not sell them at all. For this reason, in this alter-
native

Xxr :0,

and, owing to it, the production of phase articles in the first phase
smounts to X. As in assuming this alternative, neither the quantity of
the monetary means available, nor the quantity of the available elements
of the production process are changed, the equations are true:

Ks = Ky,

SS = Si:
and as far as the quantities of phase articles are concerned it is true,
as in the previous case:

F_r. = F4 = X.

Alternative bs. In this alternative we use a part of the phase articles '
in the second phase of production and the remaining part is sold; in this
we use X in the second phase and we sell X7 of the phase products.

Owing to the sale of the phase articles the monetary means incre-
ase by : ~ :

vy X8 4 L. +v_’,’.r1+

monetary units, to

-+ v?x;: V X»

K5=K4-,L VX’

As the quantities of the elements available in the production pro-
cess remain unchanged in this alternative it is true:

S5 = S
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Owing to the sale XP of the phase articles there remain, for

further disposal
Fs = X
phase azticles.

Decision D, With regard to the possibility to use the monetary
means oblained from the sale of the phase articles, we have to evaluate
and deoide whether these means should not be used in the second pro-
duction phase (alternative ag), or they should be used in the second
phase (alternative bg).

Alternative ag. In this alternative we do not use the monetary
means obtained from the sale of the phase articles in the second phase.
The monetary means obtained in this way are eliminated from the fur-
ther production process and they are taken into account only at the
conclusion when drawing up the balance sheet. As these monetary means
are mot taken into account further on, the previous monetary means ava-
ilable K5 have to be reduced by the proceeds obtained. v

Owing to it the monetary means available for further production
process amount to:

Kg = Ks'—VXP = Kj.

As, in this alternative, neither the quantities of the a-vejx-i»lab‘le elements
of production process, nor the quantities of the available phase anticles
are changed, the following equations are true:

S¢ = Ss,

Fe=Fs=X.

Alternative bg. This alternative includes the monetary means ob-

tained from the sold phase article and the existing monetary means
that are to be used together in production in the second phase. As,

owing to this, the monetary means available are not changed, they amo-
unt, after Lhe réalization of this altermative to:

Keg = K5 = K + V Xr
As'in this alternative neither the available quantities of the elements

of the production process, nor those of the phase articles are changed
the equations are true:

Se =S5, .
VFG=F5=X-

Second production phas; (Decisio'h' D7). In the second phase we
produce starting from the available quantitites of the monetary means,
of the elements of the production process and of the phase articles, the
warious types of finished articles ivhich are successively marked with

P1,...,'P,"‘,.‘..,P .

P

PROGRAMMING MULTI-PHASE PROCESSES 31

With regard 1o the way.of. spending the phase articles as factors
of production, two alternatives are distinguished in the second phase.
In the first alternative (a;) the phase articles are disappearing during
the production of finished articles, being, in a given technological pro-
cess, somehow changed or lransformed into the finished articles; we
have 1o deal with such an alternative, e.g. in the {wo-sphase agricultural
production where, in the first phase, we grow fodder which is then,
in the second phase, used for breeding animals, these being the finished
products. In the second alternative (b7}, the phase articles are weanng
out duning the production in the second phase thus diminishing their
value; we have to deal with such an alternative, e.g. in industrial pro-
duction, where, in the first phase, we produce machines as intermediate
articles and then, in the second phase by the means of them, the finished
articles.

All coefficients, determining the production in the second phase,
are shown in Table 2.

Table 2. Second Phase.
Pt ... Pr ... Pp | Constraints
K A . . o he ... B K
Qi by . . b . . bip
Qi bt .. bk ... bip | S
Qs bst ... bse .. l?sp
F cuy Clk Clp x1 r dt
Fy Cjit . . . Cik . . . Cip xj ry dj
Fr 7 T I SN Y I T ) ry d;
Quantities { y1 . . . ye .. . Y
Prices wpo. .. Wk ..l Wp

" Starting from Table 2 which determines the second phase of the
producmon process we can defme the Eollowmg mamces

H=|lh ..ok .. 8|,
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b“ e bl)c P blp
B=|by ... bix ... bin

bq .. bxk P b:p

e G e G
C= c;., c;k C{p
Chowee O L. Crp )
.)j:
Y =|{ ¥&
Yo
Woe={lw ..o ..o
R=llrn ... ... ol
D=l|d ... & ... 4.

Alternative a;. In this alternative the phase articles disappear dur-
ing the production process and are somehow transformed into the fini-
shed articles. The coefficients occurring in Table 2, determining the
second production phase, have in this alternative, the following me-
aning: :

h, defines the quantity of direct monetary costs spent in the

production of one unit of the finished article, of the type P,
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by, defines the number of units of the element of the production
process Q, spent in the production of one unit of the finished
article Py .

¢y defines the number of units of phase article I‘f spent in the
production of one unit of the finished article P,..

¥, defines the number of units of the finished article P, made
in the second phase.

w,. defines the price of the finished article Py .

- Coeficients 1; and d; do not come into consideration in this alter
native,

In the production of Y finished articles
by ... + heyet+ +hpapy=HX
units of monetary means are spent. On account of it, after the conclu-
sion of the second phase, there remain
=K¢—HY
monetary means. As non-negativeness is required the following inequalj-
ty is true:
Ke—HY = 0. (7.K)a)
In the production of Y finished articles we spend
BY
elements of production process. Owing to this there remain after the
conclusion of the second phase
’ S1=8—BY

elements of production pprocess. As non-negativeness is requxred the fol-
lowing inequality is true:

Sg— BY = 0. (7.8)

In the production of Y finished articles we spend
cY
phase articles. Owing to this, there remains, after the conclusion of the

second phase,
Fi=Fg—CY

lphase articles, As non-negativeness ds required the following inequality
is true:
Fg — C Y= 0. (7,F)

After the conclusion of the second pmductnon phase there remain
the following quantities available:

3 Ekonomska analiza
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1. The monetary means. With regard to the monetary means two
elements have to be taken into account: first, the monetary means re-
maining after the conslusion of the second phase (K7) and secondly, the
possible monetary means obtained from the sale of the phase articles
and mot used in the second phase, i.e. the means obtained in the assump-
tion of the alternatives bz and ag; these means amount to VX7, So the
total monetary means amount to

Ksg = K5 4+ V Xr.,

2. The elements of the production process. After the conclusion of
the second phase there remain S; of them, their monetary value amount-
ing to

U S;
monetary units. : :

3. The phase articles. After the conclusion of the second phase

there remain F; of them, their value amounting to

V Fy
monetary units.
4. The finished articles. In the second phase we produce ¥ of them,
their value amounting to
Wy
monetary units.

The total value of all-the four types of the quantities mentioned
amounts to .
f=Ks+US;+ VF+ WY (8,a)

and this value is the objective function, the maximum of which has to
be determined.
In this alternative there arises, therefore, the following problem
of linear programming for the considered two-phase production process.
To determine the variables Z, X, X ? and Y, satisfying the condit-
ions of the non-negativeness:

Z =0,
X =0,
Xr =0,
Y =0
and the inequalities: )
' ZLS, o (28)
(k—U Z <0), (2K
Ks— KX+ Xxm) =0, . (4X)
Z—A X+ X720, (4,S)
Ke—H Y =0, ' (7.X,a)
S —B Y=0, (7,5) :
Fa—C Y0 (7,F)

nua gz,
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so that the objective function
f=Ke+US; + VF + WY (8,a)
has the maximum.

Alfernative b;. In this alternative the phase articles are worn out
in the second phase and owing to this their value is diminished. This is,
for instance, the case when phase articles are machines by the means of
which we have to produce finished anticles in the second phase. Using
this example and in order to express ourselves in a shorter way we
shall, in our further research, call these phase articles just machines.
Coefficienis shown in Table 2, determining the second production pha-
se, have in this alternative the following meaning:

h, defines the quantily of direct costs spent in the production of one
unit of the finished article of type P, ; this quantity, however, does
not include the costs incurred in the work of machines and which
are separately taken into account later on.

by defines the number of units of the element of production process
Q;, spent in production of one unit of the finished article P .

Cye Shows the number of time units necessary in the work of the machi-
ne F; for one unit of the finished article P .

d; defines direct costs incurred with the machine, type F, , when it
works one time unit. ’

r; s called the coefficient of depreciation of the machine F; and shows
by how many monetary units it works one time unit. In our further
research we assume that the total depreciation of the machine is in
a direct relation to the time of its work.

' j}k shows the number of units of the finished article P, made in the

second phase.

1wy defines the price of the finished articles P,. The monetary costs,
incurred during the second production phase, consist in this alter-
native, of two parts. The first one includes the costs incurred owing
to the coefficients 7,; in the production Y of the finished articles
these costs amount to

hy,+ ..o A heye

. monetary units. The second part includes the costs incurred owing
to the work of machines and coming from the coefficients cj and
d;; in the production of one unit of the finished article, type P,
they amount to

dic.k-i? cee Fdiee + ... - dien

Fhpyp=HY

monetary units; owing to this these costs amount, in the production
of Y of the finished articles, altogether to

DCY

3
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monetary units. By adding up both costs we have the total costs for
the second phase

‘HY +DCY = (H + DC)Y

monetary units. The monetary means available remaining after the
conclusion of the second production phase thus amount to

Ki=K¢y—(H+DC)Y

monetary units. As non-negativeness is required the following inequality
for the monetary means is true:

EKEsc—(H+DC)Y= 0. (7.XK,b)

In the production of Y dn the second phase B ¥ elements of the
production process are spent. Owing to this, there remain, after the
conclusion of the second phase,

S7=SG—BI’;

as this‘quan*tity cannotl be negative, the following dnequality is true
for the production process:

Ss—BY = 0. (7,5)

Let us carry out the constraints due lo the limited extent of the
phase articles available.

The phase articles of the types:
F, ... F, ... Fr

as machines in the second phase are worn out and owing to it their
value is deprecxated A phase article 4s completely worn out when its
depreciated value equals ().

As the phase axticles of the mdl\udual types have succe,sswely
their initial values;

Vir v e ey V4 oo, Vs

monetary units a.nd as their depreciation coefficients are successively
equal to:
! Ty ws 0 F4y oo It

monetary units, the duration of the phase articles is successively

v
11=—, e li=— ..., lf=—j

ry ry Iy

time units. With these numbers showing the duration of the individual
phase articles, such as machines, we make the diagonal matrix:
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. .

0 ... 0 ... U

There are phase articles such as machines, of the individual types
in the second phase successively available in

Xy oaa e XNy L. XY

units. Thus there are, for each type of the machines for making the
finished articles successively available

by, oo bxy, ooy brxs

time units. After introducing the matrix T’ these time units are the com-
ponent parts of the products T X.

For making V finished articles C ¥ time units of work are necessary; as

the time, necessary for making them cannot exceed the time available,
the following inequality is true for the phase articles:

CY £ TX. (7,F)

Afiter the conclusion of 1he second production phase ‘there are the
following quantities available:

The monetary means. In this alternative, too, two component
parts have to be taken into account: first, the monetary means remain-
ing available after the conclusion of the second phase (K3) and the pos-
sible monetary means obtained from the sale of the phase articles
(VXr ); thus the total monetary means amount to:

K = Ky + V Xp,

The elements of the production. process. There remain, after
the conclusion of the second phase Sy, their value amounting to U Sy
monetary units.

The finished articles. They are ¥ produced, thelr value amounting
to WY monetary units.

VX—RCY

The phase articles. The phase articles, such as machines, are depre-
ciated in the second phase, their depreciated value amounting, at the
conclusion of the second phase, to:
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monetary units, is calculated in the following way. First, we calculate
the working time for the machine of each type. In the second phase we
produce y, finished articles of the type P, ; these articles are made,
among others, also with X; machines of the type F;. Each machine

of the type F; thus works

units of the article of the type P, . The corresponding mumbers of all
the finished articles and of all the machines are shown in Table 3,

Table 3. The quantitative production of machines
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RY3
Ry

The number of producls of the type

worked by one
machine of the iype

] Pr Py
F e X Rl
X Xy %
Fy’ X R Ir
i x x5
F|Z Rl I
4 xf xf

Table 3 shows that each machine of the type F; works

i
—

. X4
ar-tiqles of the type

Py,

To do this work the machine F; has to work

N
X3

+

Cn

time units. As the depreoiation coefficient of this machine is r,, it depre-

. .clates for

ry
— (eny: +
£

- ci &—l—
L7,

+ Cmyr +

Ve
—
X3

Pk;

+ ¢in Y1)
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- . .
monetary units, so that its final, depreciated value amounts
1),._.—”— (cnys + - - ceyr+ ..o Cip ¥9)
X4

monetary units. Qwing to this the depreciated value of all x; machines,

of the type F; amounts to
prxg — 3 (Ch ¥y + ooe e + Cik Y + e T Cip Y9)

g up the depreciated values of all the machines,
o

monetary units. By addin e A sion of the second

of all the types, we get their value a
phase, amounting to:

> b —VX—RCY.
sz prxg— y, (e ¥ 4. ko YE + + gpyn) =V X—R
j=1 =1

which was to be calculated.
Tt is certain that the calculated value
VX—RCY

of the depreciated phase articles is not._ a negative one. This can be found
out in the following way: The inequality (7,F,b):

TX—CY=z= 0

iz premultiplied by matrix R and we have:
RTX—RCY =0

as RT =V, we get
VX—RCYZY,

which was to be proved. -
The final total value of the four mentioned types of the quantities

amounts to:

. ' 1=K3+US7+(VX—RCY)+WY; (8,5)

and this value is the objective functiqn. .

Thus, also an this altepnative arises the problem of linear pro-
: ing, which i v d in this way:

gramming, which ds formulate ' o

' The variables Z, X, X? and Y have to be determined satisfying the

conditions of non-negativeness

Z =0

X =0

Xr =0,

- Yy =0
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and of the inequalities:

z=S (2.8)
(k—UZ=0), ((2K))
Ky— KX+ X9)=0 4,K)
Z—A(X+ X)) =0, (4,9)
Ke—H+DOYZ=0, (7K b)
Se—BY=0 (7.8)
CY < TX

so that the objective function
f=K+US+(VX—RCY)+ WY (8,b)

has the maximum.

III. THE CHARACTERISTIC OF THE TWO-PHASE PROCESS

Each two-phase production process of the type dealt with, of which
the alternative coming into consideration, is known for each decision,
can be marked with a characteristic in which all the conresponding alter-
natives are successively mentioned. With the charactenistic:

(blr bﬂl as, b5l bﬁ: a7)

we characterize, e.g. the production process having, in the corresponding
decisions, the following alternatives: b; the monetary means are limited,
by the elements of the production process have to be purchased at pur-
chase prices; az the elements of the production process are entirely used
in the first phase, as they are not necessary in the second one; bs the
phase articles are partly sold and partly used in the second phase;
bg the monetary means obtained from the sold articles are included in
the monetary means available and used together in the second phase;
a; the phase articles in the second phase disappear. ’

If we have to deal with a two-phase production problem of the
type dealt with it is sufficient to determine its corresponding character-
istic. As soon as it is determined, we formulate the respective linear
programme using the calculations corresponding to the individual alter-
native which have already been made. In making up ‘the linear program-
me we can make use of Table the 4, where all the necesary resulis are
‘systematically collected. :

In every twoiphase production process of the type dealt with at
28 = 64 possibilities with vanious alternatives could occur, according to

e
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Table 4
a b

1] K=o Ki=¢t
2 Kz = K[ Kz = Kl - USZ

Q Q

S,=2 S, =<Q S,=2 $:=Q
3 Ko=K;, Ky =K,

S, =35, S, =5,
4 a=>b b=a

Ky=Ks— K (X4 Xp) K, = O
Sy=S,— A (X 4 Xp)

K= — KX+ Xp) K=0
S, = Sy — A (X + Xp)

Fo=X4+Xp Fo=X4 Xp
5| Xp=0 Xp=0
Ks =K, K=K, 4 VXp
S5 =S, Sy =S
FF=F=X Fy=X
6 | Ko=K,— VXp Ke = Ks
Sg=35 S‘,:Sg,
Fo=Fs Fs=F;
7| Ky=Ky—HY K;=0 | K=K—(H+DOY K=0
1| S;=8—BY 5, =0 | §;=8,—BY $;=0
Fy=F,—CY =0 | ;=0 TX—CY =
P;=Y Pr=Y
MAX| f=K; -} US;+ VF + WY f=K, -+ US; + (VX—PCY}+ WY |
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the combinatory operations, as there are two allernatives with each
out of the six decisions. In fact, however, the number of the processes
coming practically into consideration is pretty smaller, for some pro-
cesses with their corresponding characteristics are economically uiseless
and also absurd. The above mentioned number has to be reduced for
such characieristics.

Let us first establish how many characteristics of type (ay,...) are
omitted; all such characteristics are 25 = 32. Out of them the character-
istios of type (ay, ba, ...} are omitted, for in these casses we can purchase
any quantities of the elements of production process, irrespective of the
monetary means which are unlimitled. Thus 2¢ = 16 characteristics are
omitted, and there remain 32 — [6 = 16 characteristics of type (a;, as,
...). Among these characteristics, the charactevistics of type (..., a;,
bg...) are omitted, because of their absurdity; if, namely, the phase
articles are not sold, we cannot use proceeds in the second production
phase. There are 4 = 22 such characteristics. Thus, there remain 16 —
— 4 = 12 of them. And among these characteristics also the character-
istics of type (..., bs, bg,...) are omitied as the addition of the mone-
tary means obtained from the sale of the phase articles to another phase
has mo sense, for the monetary means are unlimited; there are 22 = 4
such characteristics. Thus,  there remain altogether only 12 — 4 = 8
usable characteristics of the type dealt with. Let us also establish how
many characteristics of type (b;...) are omitied. Among them the cha-
racteristics of type (..., as, bs...) are omitted, being absurd; for, if the
phase articles are not sold, we cannot use the proceeds in the second
phase; there are eight such characteristics. Thus, there remain 32 — 8
= 24 characteristics of the type dealt with. Thus, there are altogether
8 +4 24 = characteristics usable that come into consideration.

In the processes in which the phase articles are of such a nature
that they are indivisible, e.g. machines, we should require that, the quan-
tities of the phase articles produced be integers. Similarly, we should
also require that the quantities of the finished articles be integers if the
finished articles are indivisible which,.e.g. occurs in the agnicultural
production in cattle-breeding. In such cases the integexr linear programm-
ing :should be used, which, however, is beyond cur scope.

In analyzing the two-phase process we have, up to now, confined

ourselves to the production processes. The established methodology,.

however, can be applied to the two-phase processes of other types.

IV. MULTI-PHASE PROCESSES

The general amalysis we have dealt with for the two-phase produc-
tion processes can be, without any special difficulties, geheralized for
processes occurring in more than two iphases. It is clear that a larger
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number of decisions occurs in multi- phase processes, where it is neces-
sary 1o decide on one of the alternatives. Later on we shall deal with a
very general production process occurring in nsphases, where n is any
natural number. In this it is possible to see from the text which alter-
natives are chosen in the individual decisions. As in the twosphase pro-
cess we assume that we start the multi-phase process with the mone-
tary means k and with s various elements of the production process

Ql) MR Os .
There are only limited quantities available of these elements of the
production process, namely successively at the most at

[ TREE [

The elements of the production process are purchased successively at
the prices

Hyyeoo, U

In fact, we purchase them before starting the production process succes-
sively at

Ly 000y L0
After introducing matrices:
I 4 Z
q= - z = u=||u,...u.][
s 1 Zs

for the monetary means the inequality is true:

UZ =k (0; 1)
and for the elements of the production process the inequality:
z<aQ =~ ©; 2)

First phase. With the monetary means which have remained after
the purchase of the elements of the production process we start the
first production phase in which we produce the following phase articles
of the first order: ' '

| 1
Floooon Py

The particulars of the production in the first phase are shown

in Table 5. ‘
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Table 5. First phase.
Phase prh’cies of the
. first order . Constraints
A T Fa
Monetary means K ki e e k}l Remainder
i 1
Q1 apn st %5 =1
Elements of the
production process . . .
Qs a e a;fl s
i 1 1 7R | .1
Quantities produced Xy + X1 Xy -{-\J{’
. 1,0
Prices Lot Yy
After introducing matrices:
—_— 1 -- . . i
=l & Al
1 1 1 .1
ay v Gy X xP
A= : xt=| - Xip =
i i i 1
Qg * ° 0 gy *1 x
— Y
vi= " Y1 Y1 "
we get the inequality for monetary means:
Kt (' + X)) < K a;n

and the inequality for the elements of the production process:
Al (X1 4 Xx19) < Z, (1;2)

Second Phase. The second phase is started with the remaining
monetary means increased by the proceeds from the phase articles of
the first order, with the remaining elements of the production process
and with the unsold phase articles of the first order. In the second pha-
se the following articles of the second order are produced:

2 2

Fl, .. Fp. .

The panticulars of the production in the second phase are shown in
Table 6.

PROGRAMMING MULTI-PHASE PROCESSES 45
Table 6. Second phase.
Phase articles of the
second order ) Constraints
Fy o g
2 :
Monelary means K % I Ky, Remainder Iz
2 2
Qi ayy T a4
Elements of the . Remainder Sa
production process . .
2
QS a;‘ll . e asfg
12 1
F§ G}L; IR alf; x|
Phase articles of the .
first order . R . 3
! 12 c. . 12 x
i 2 ‘ afuz h
2
Quantities produced x? NP x_zfg +x_{§
2 .. 2
Prices 141 Vi
After introducing matrices:
2 . -
=g R
2 12
“%1 a%jg g Sy
A=l . Alz=
P 2 2. 12
st Assp . 451 9
A
X2 = X =
2 2p°
Xfy *1
2 2
ve= ” oot ”
we get the inequality for monetary means: ,
K2 (X2 4 Xy < Kz - VI XWp (2;1)
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the inequality for the elements of the production process:

A2(X2 4 X)) < &2 (2;2
and the inequality for the phase articles of the first order:

Al2 (X2 4 Xop) < X1 (2:3)

Thrid phase. We start the third phase with the monetary means
increased by the proceeds from the sale of the phase articles of the se-
cond order, with the remaining elements of the production process,
with the remaining phase articles of the first order, with -the unsold
phase articles of the second order. In the third phase, the phase articles
of the third order are produced:

3
Flo oo Fpo

Similarly, as for the previous cases we draw up the Table for the first
three phases introducing the corresponding matrices. After introducing
these matrices we get inequality for the monetary means:

K3(Xs + X8r) < Ky V2 X2, (3; 1)

the inequality for the elements of the production process:
AS(XB - Xor) £ Sy

the inequality for the phase articles of the first order:

AB(XS 4 Xor ) < Fys

and the inequality for the elements of the second order:

A?.a(Xs + _X:sp) é X2,

n-Phase. This procedure is repeated from phase to phase until the

last n-phase is reached. The last n-phase is started with the remaining

monetary means, with the remaining elements of the production process,

~ with the remaining phase articles of the first, second, ..., (n- 2) orders

“and with the unsold phase articles of the order (n- 1). In the last phase
the finished articles are produced:

Py, o, Py

I4

The particulars of the production in the n-phase are shown in Table 7.
After introducing the corresponding matrices we get the following

inequalities: :

for the monetary means:

KrY < Ka + Vo=l Xa—l,p, (n, 1)
for the elements of the production process: )

AY < S, (n, 2)
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Table 7. 1n- Phase.

Finished articles _Constrainis
P1 e Pp
Monetary means K kl kg remainder Kn
T ce aip
Elements of the . remainder Sy
production process .
Qs a¥, e u's'p
Al e oo
Phase articles of the ‘ : . remainder Fin
firsl order .
in n
Fro | e %ip
Fi'_l q?l—],n D arlxp—l,n -\_111—4
Phase articles of the
(n—1) order .
n—1 an—-],n e . n—h,n 3 n—l
. Ja—1 Jo—1} Jn—1# fn—t
Quantities produced Y1 R
" Prices Wi .. W
for the phase articles of the frst order:
AIY £ Fii (n, 3)
and for the phase articles of order (n — 1):
An—l,nY < Xn—i. . (n,n + 2)

After choosing the optimality criterion we also determine the ob-
jeotive function:

£ X, X, L., Xuel X, ) (n + 1)
and get the following formulation of the n-phase production process:
- . To determine the matnices:

Z, X1, Xip, ..., Xn=i, Xn—lp Y
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which are not negative and which satisfy the enequalities:
(0; 1,2),
(1; 1,2),
(2; 12.3),
(3; 1,2,3,4),

(n; 1,2,...,n4+2)

so that the objective funtion (n 4 1) has the maximum,.

V. CONCLUSION

In dealing with the multiphase economic processes we have deli-
berately confined ourselves to the systematic analysis of these processes.
For this reason special attention has been given to the formal construc-
tion of the corresponding mathematical models, thus somehow neglect-
ing the economic problems which are, however, essential to all the prac-
tical problems of this kind. With our mathematical model we wanted to
show the general algebra of the multi-phase economic processes without
taking into consideration all the numerous possible circumstances that
may play, even a decisive, part in such processes.

As usually, in constructing mathematical models the problems
dealt with have been limited with wvarious constraints and assumptions.

Particularly critical are the assumptions forming, the basis of the
individual decisions possible. These assumptions have to be thoroghly
cheoked in dealing with the concrete economic processes.

In decision D, concerning the source of the elements of the produc-
tion process only two different alternatives were taken into account:
that, when all the elements of the production process are directly avai-
lable (alternative az) or, when they have to be purchased first (alterna-
tive bs). These are, however, only extreme alternatives; there are
many intermediate possibilities which have not been dealt with, and
where there are some elements of the production process directly avai-
lable, and the others when they have to be purchased first. A formal
dealing with an intermediate possibility does not cause any special
trouble as there is the question of combining both extreme alternatives
in such a case.

Similar intermediate possibilities may ocour in some other decisons
as well.

Decision D is especially problematic as there is to be decided what
happens to the monetary means obtained from the sale of the phase
articles. According to the alternative bg, we can use them for financing

- another production phase; it is guestionable, however, when this is

possible altogether: namely, when is the economic decisiontaking so -

quick, or when is the prouction process so slow that the realization of
the phase articles can be engaged in the next phase.
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In a complex multiphase production there ds in practice, a possibli-
ty that the phase articles of the technologically later phases can be
retrogradely engaged in the {echnologically previous Pphases. In spite of
them, being quite frequent, such processes were not approached in our
analysis,

The discussed multi-phase economic processes can be enrichied
by taking into consideration various other circuunstances. Various fac-
tors, not yet taken into consideration, can be mmly}ed, such. as: various
factors of production and especially manket conditions. Enriching these
models with an exhaustive market analysis could bear good results in
the concrete research work.
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ITPOTPAMMHPOBAHHE MHOIO®A3SHBIX INPOIECCOB

Peswome

KancOwiit sHoz0ha3Hull npOMuLULAEHHYIE NPOYECe MONCHO pasbury Ha no-
cned08areavHOCTy oTdenvinly as, ITpu nporpuMMUPOBaHLL MHOLOHASHBLY PO~
1jecco8 G03HUKAELT GONPOC, KAK ONTUMAILHO 3A1POTPAMMUPOEATy OTOEABHbIE
hasv. npoyecca OTHOCUTEALHO GulbpPanHOoil HCXOOHOT MyHKyLWL.

A8TOp cnepea cuCTeMATHMECKU aHanusupyer 08yxfasHuie npoyeccut, Oco-
Goe sHUMaHUE OH 1PU STOM 1OCERWALT KOHCTPYUPOBANIUIL COOTEETCTEYIOWUX
smaresarudecikux mModeneil, [IpuHuMAR 60 6HUMAHUE PA3AUMHBLE 603MOJNCHOCTL
passutus d6yxhasioid nPpoyecca, asTop KAACCHPUYLUPYET NPoYeccsl ¢ pasau-
UHBle TUNLl, 0003Ha4daeMvie UM CHeyuPUUHBMIL XapaxTepucTukamu. Takum
06pasos asTop oxearun 32 pasHulx NPAKTUMECKU OTMedenHvul® Tuna deyxas-
HblX npoieccos. ) .

AeTop 3aresm 0606w ITOT QHUAU3 HA NPOMBLIUAEHHDLE NPOYECCDL, 1PO-
TEKQOWUE 8 NPOUISOALHOM KOAUYECTEE (a3,

4 Ekonomska analiza




