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PIECEWISE LINEAR APPROXIMATION
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ABSTRACT

In special cases the function of more variables can be expressed
by separable functions. Some nonlinear programming problems can
be therefore solved using piecewise linear approximation. In this paper
a linear approximation function of continuous of two and of three va-
riables using 0—1 variables subject to additional linear constraints is
given.

1. INTRODUCTION

Piecewise linear function can be explicitly expressed using 0—1
variables subject to some linear constraints {3], [5]. Supposing that
the objective function and constraints of the nonlinear programming
problem can be expressed by separable functions, the problem can
then be approximated by the mixed integer programming problem.

Since [4]

4L (x) Ly (x) = 4(a, + ayx + ...+ a,x,) (b +byx, + ... +

+ b, %) = (Ly (x) + Ly (x)2P—(Ly (x) — L, () = Y, — ¥% (1.1
subject to

» =Ly (x) + L, (x), ¥y = Ly (x) — L; (x),

any quadratic function can be expressed by separable functions sub-
ject to some linear constraints. Any programming problem with qua-
dratic objective function and quadratic constraints can therefore be
approximated in such a way. Since

4L, (x) L, (x) Ly (x) = ((Ly (x) + L, (x))?— (L, (x) — L (x))*) L, (x) (1.2)

the product of three linear functions can be expressed by separable
functions using the substitution
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u=1=(L (x)+ L,(x))? v =w? = (L, (x) — L, (x))~

The product of more variables can be expressed similarly. Some multi-
linear programming problems [6] can be approximated and solved
using this result.

Similarly the function

L (x)

f(x) = ———— + g (x),
L, (x}

where g (x) is separable, can be expressed by separable functions. If
we consider (1.1) and tL, (x}) = 1 [8], we get

1
f(x)=tL (x) + g(x) = —4—-((1-‘ + Ly ()P —(t — Ly (x)*) + g (%)

subject to

(1 + Ly(x)P— (1t — Ly (x})F = 4.

This result can be useful in multicriteria programming {1], [9] when
one or more of the objectives are expressed by linear fractional func-
tions, the other objective functions and the constraints being separab-
le. If the weighted sum of the objective functions is taken as the
objective function, the programming problem can be approximated by
the mixed integer programming problem. If there are three linear
objective functions and linear constraints, then, using the expression
given in the next part, for any function of three objective functions
the programming problem can be approximated by the mixed integer
programming problem.

2. EXTENDED PIECEWISE LINEAR FUNCTION

The notion of the piecewise linear function can be extended to
functions of two variables. Assume that the values

f”:f(xl,y]), i=0,1,...,m, j:o,],...,n

are given, where

xx=4a,+a +...+ 4, i=01,...,m,
yj:ba+b1+"'+bjl j:o,],...,n,
a; > 0, i=1,...,m,
b; >0, i=1,...,n

It can be shown [11] that the function
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| g (x, Y) E ): (f;_1,-1 (V:—n—l x'—li) + (.fi—lj—f i—li—;) Yij

i=1 ) L
+ (fi;'—-l fl——l)—l) xq + (f:; fz—lj) x’ij) (21)
subject to

m—1

x_Eau +): )‘_‘:(x,,+x,,)a

i=1 j=1

m—-1 n—1 m n
y= 1 T byvy + I 12 yybs
i=0 j:o i=1 1:1
Vij vij+1 = 0: ij = Vi = 0,
i=01,...,m, =01, -1
ui—ui+1 = Vz‘o’ i = 0’ 1’ : b ’-m _‘II uo :.I, um ;‘x 0

4
Xij + x5+ ¥y T2 (Vi — Vi),
i=1,...,m, j=1,...;n

n

Y23 (5 + 9 =1
=] j=1

E;
M-
®,
‘m
II/\

-
]
—
-~
it
—

-
B

(x,, +x) =1

T||_VJ=

~
1l
-

on the triangles A (x,_;, ¥;_1), B (%;, ¥;-1), D (Xi_;, y;) and on the triangles
B(x;, ¥i-0, C (X, ¥), D (X, yJ) is linear and it satisfies the condition

g (%, ¥) = fi i=01,...,m, i=01...,n

Heré the variables x,J, x’; and yj; are noh—negétive and u;, vj; and t are
0—1 variables. ' .

Similarly the notion of the piecewise linear function can be ex-
tended to functions of three variables:. Assume that the values o

fir = 1 (%0 Yy 2)s i=01...,n, i=01,...,m,
k=20,...,n

are given, where
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x=a+a+ ... +a, i=01...,h a>0, {
yi=b°+bl+."+b1‘ ] 01...,m, bl>0’ l .
Zy=Co+C 4 ...+ Cy k=201...,n ¢, >0, k=1,...,

Consider the substitution

h—1 h m n
=04+ L I (X + X+ X750 @ (2.2)
i=0 i=1 j=1 k=1
h—1 m—1 h m =n )
y= D I b,‘ vy + )IND TN I (y.','k + y'.';k) b,' (2.3)
i=0 j=0 i=1 j=1 k=1
h—1 m—1 n—1 h m =n
7= Cr Wik + 1 (Zijk + z'iik) Cx 24)
i=0 j=0 k=0 i=1 j=1 k=1
subject to
U, = 1' U, = 0! vh} = Vi = 0:
(2.5)
I:G;I; Jh} f:0;11 ,ym
Wiik— l}k—'a i=0;1, ,h—],
(2.6)
}:0,1, ,m—I, k=1, , n
Wiin = Wime = Wpjr = 0 i=0, 1; ) h;
2.7
=01, , m, k=201, N
u;— Ui g = Vi i=01..., h—1 (2.8)
V” vu+l - Wuon i = 0; 1' ) h_I:
2.9)

j:O,],...,m———I

7 7 ’
X + X + X + Vi + Vi + Zip + i 23 (Wisgjixm — Wi,

i=1,...,h i=1,...,m, k=1...,n - (2.10)
h m n , h m n

PINED T 1N X ik == 0 (xijk + Yipe + Zi,-k) =1 2.11)
i=1 j=1 k=1 i=1 j=1 k=l

h m n h

I E; EZI X St =1 ): S (xk + Xp + 2i) = 1 (2.12)
i=1 j=1 k=1 i=1 j=1 k=1
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oom n h "
T L Y SHE L L L (Gt Y (2.13)
i=} j=1 k=1 i=1 j=1 k=1
h " n h m =n
h Z!,','k = t, =1 E ): (x’ijk 4 x"i,‘k + y’,-,'k) =1 (214)
i=1 j=1 k=1 i=1 j=1 k=1
h 1 n
T (X + X + Xq) =1 (2.15)
i=1 j=1 k=1
h m 3
Elz 2: (i + Vi) =1 (2.16)
i=1 j= =1
h m n
.E: Z ):: (Ziik + Z’ijk) =1 (217)

where u;, v wy and t; are 0—1 variables and X, X X'

Vijkn Yk Zij and zh are non-negative.

H(xi-hyi.zk)

Gk yj,z)

E(xi—l.Yj-l.Zk)

N

F(Xi,yi-1. Zk)

Zijk

T(\x,v'zD
Z'ijk

D(X;_,' Yi Zk-1)

A(xi-l.yi-hzk~l)

Figure

C(Xi.¥j.2x-1)

B(xi'yi-t.zk-t)
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Theorem. The function

Hi

h n ) .
glxy2) =1 2 E (fietj—1r—s (W;‘—];'—lk—l'—wi—lj—lk)
arll i
+ (fij—tke1 — Ficgjmri—) Zijp + (fi3—1 —f i—.lj:k—ggl X ik
+ (fi—ux — fimapal) X5+ (Figjen— filtjaet) Yiik
+ (fimje— fitiae) ¥ige + (ficgjmix — Fimtj—id) Zijie _
+ (fir — Fijemt) i) : Lo (218)
subject to (2.2)—-(2.17), on tetrahedrons S, (A,B,D, E), 82 (B C,D, E),

S,(B,C,E,F), S,(C,D,E H), S;(C,E,F,H) and S(,(C F G, H) (see fi-
gure) is linear and satlsf1es the condition

g(xi:yftzk):fiikx i=0,1,...,h, j=01,...,m, -
k=0,1,...,n

Scheme of the proof. From (2.5)—(2.9) it f.ollldﬁrsu -

w=1, . i<p, - w=0, iZp.
Vo = 1, j<4q, v; =0  otherwise
Wy jg—1k = ue k<r, Wi = otherwise.

Therefore from (2.10) it follows

. ’ . 2 . —_— o — — s —
Xijeg = X g = X = Yije = Yije = Ly = Lk =0,

i=p or j=qg or k=r

If
X <X < Xy [ Vi <V < ¥ Zp) <2< Zp (2.19)

from (2.2)—(2.4) and (2.15)—(2.17) it follows

For any choice of 0—1 variables t, t, t; and t, from (2.11)-—(2.14)
follows four independent equation=s. Adding (2.2)—(2.4) there are seven
linear equations for Xpgn, Xpaw X'per Year Ypar Zpar and z',,. For
internal points of each of six tetrahedrons the variables t,...,t, are
by (2.11)—(2.14) and (2.2)—(2.4) unique determined and the recelved

equations are not contradictive.

If x=x, y=y; z=12%, from (2.2)—(2.4) and (2.15)—(2.17) it fol-
lowsp=iori+l,gqg=jorj+1, r=kork+1 respectively but the
value of (2.18) is independent of the choice of p, q and:r. The linea-
rity of (2.18) follows from the 11near1ty of (2.2)—(2.4) and (2.18) if the
0—1 variables are not changed.
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3 CHANCE-CONSTRAINED PROGRAMMING PROBLEMS

Consider the programming problem

max (C1 x; + %, + ... + ¢, x,) (3.1)
subject to non-negative variables and

ai1x1+ai2x2+---+ainxn§aim i=1,...,m (3.2)
Let some of elements c; and a; be random variables. Therefore, some
data are not known with certainty at the time when the decision va-
riables x; must be determined and the programming problem (3.1)—
(3.2) must be transformed. We get a special and, for applications,
important case of a chance-constrained programming problem {2] if
we take

max E (c; %, + €%, + ... + €, %)

subjecct to non-negative variables and

Ay Xy + A Xy + o+ Ay Xy = ie D, (3.3)
Plryx, + rpXp+ ...+ 7nX, = Tid Z P 1€ S. (3.4)
Here a; (j =0, 1,...,n) and p;, i € S, are known, ¢; G=1,...,n) are
random variables with the mean c;, Iy (j =0,1,...,n) are independent

normal random variables with the mean r;; and variance s%;. Constants
p;, 1€ S, satisfy the condition 0 <p; <1 If rj; is a fixed constant, we

take l"ij = rij, S‘ij = 0
In the given case the variable

hi=rio——ruxl—-f’izxz-—...—f'inxn, lES

is a normal random variable with the mean

,-:;io—ruxl-—r,;zxz—...-—r-"x (3.5)
and variance '

$2, = St 4 5%, XY 4 S X .+ Sh, X2, (32.6)
Therefore the constraint (3.4) can be written as

1 oo 12 h;
P(h;z0)= -—T““f exp| — |dt=F| — (3.7)
V2r — hy/s; Z S;
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where
"ﬁ"i 1 o 1
Fl — =—:—J hifs; exp | — dt. (3.8)

Because F is a strictly increasing function the inverse function F—
can be used. From (3.7) it follows

h;
FIl — J=p
5y
h;
= F(p;)
S.

Considering y; = s and s; > 0 we get
E = \f:\-’nf F=I(p,;)

Considering (3.5) the, constraint (3.4) can be written in thec separable
form

Yio— T Xy —FpXp=—... —;m Xp = vy, F (p:) I€$S (3.9)
subject to
Yi= Szt'o + Szil le + Sziz xzz +...+ Szin xzm ies. (310)

The programming problem is received in the form

max (¢, x, + ¢; x; + ... + ¢, %,)

subject to non-negative variables and the constraints (3.3), (3.9) and
(3.10). The objective function and (3.3) are linear, since (3.9) and (3.10)
are separable, the programming problem can be approximated by
the mixed integer programming problem [12].

If r; (j =0,1,...,n) are dependent random variables, they can be
transformed into independent random variables using the principal
components. Since such a transformation is linear, the mixed integer
programming problem can also be used in this case.

Chance-constrained programming can often be used for optimizing
the business process. Because of deficiency of computer programs for
solving such programming problems, they are mostly approximated by
a linear programming problem. If only c¢; are random variables, ap-
proximation of this kind is available. The transformation of the model
is simple if only 1, is a random variable. Then the constraint
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Plraxi+raxo+ ...+ 1ryyx, =1) Z p,

is equivalent to the constraint

— J— -~ _
Y!-o—rﬂxlhfaxz-—...—--ri,,x" ‘.:SIOF I(pt)

In general case the solution set of constraints (3.4) is not convex.
If r;; (=0,1,...,n) have a joint n + l-dimensional normal distribu-
tion, then the solution set of the constraint

Plraxi+rpx+ ...+ 1,x,Z1,)Zp, =05

is convex [7]. If pi < 0.5 the convexity cannot be proved. It is there-
fore not easy to solve the general chance-constrained programming
problem.

4. SIMPLE RECOURSE MODEL

Because of the nature of the stochastic restrictions, in some cases
they cannot be expressed by (3.4) if the model corresponds with a bu-
siness process. The deviation from the equation

ri|x1+ri2x2+..-+rin.x":rio, ZES

can often be compensated. If the cost of the compensation in such
a stochastic constraint is proportional with the deviation from the
equation, we get the simple recourse model {7], [13] in the form

min E(3 ¢;x; + 1 (piu; + qifvi])) (4.1)
i ieS

subject to non-negative variables, (3.3) and
Mi—v,-=fia—f'“xl—t'izxz——...—— V,-n.t'"=h,-, iES, (4.2)
where

x; is the quantity of the j-th production activity,
¢; is the unit cost of the j-th production activity,
p; is the unit compensation cost if h; > 0,

q; is the unit compensation cost if h, < 0,

u, = h, if h, = 0,

v; = h; if h; 20,

r,, is the available stochastic capacity and

1;; is the stochastic normative.

If r; G =0,1,...,n) are independent normal random variables, the
expected value z in (4.1) can be achieved considering (3.5), (3.6) and
(3.8) [10]. .
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n — 5 h;
2= gx+ D (gt (it q) | &P
j=1 ieS Vg 252,
_ h;
—n,F | — (4.3)
S.

1

Consider (3.10) in (4.3) we get the problem (3.1)—(3.2) in the form

n
max | = cx + (plh + (pi + )

j=1 ieS
[y mo\ L ;
exp | — — M F | ——— (4.4)
Z 2y, Vy;
subject to x;Z0 (G =1,....,n), (3.3), (3.5) and (3.10). All constraints

except (3.10) are linear and (3.10) is separable. Since (4.4) is presented
as a sum of functions of two variables, (2.1) can be used. In general
cases we thus get a large-scale mixed integer programming problem.
The piecewise linear approxmation can be useful in spemal cases
which are important for apphcatlons :

Received: 25. 10. 1985.
Revised: 6. 12. 1985.

REFERENCES

[1] Arih, L., Primjena metoda visekriterijalnog programiranja na viSefazni
prouzvodm proces. Doktorska disertacija, Ekonomski fakultet Zagreb,
Maribor, 1984.

[2] Charnes, A. and W. W. Cooper, Chance-Constrained Proorammmg Mana-
gement Science 6, 1959, 73—179. _

{3] Diick, W,, Diskrete Optimierung. Vieweg, Braunschweig, 1977.

(4] Hadley, G., Nonlinear and Dynamic Programming. A-ddison-Wesley, Rea-
ding, Massachusetts 1964.

[5] Healy, W. C., Multiple Choice Programming. Operations Research 12,
1964, 122138,

[6] Indihar, S., Multilineare Programmxerung. Proceedmgs in Operations
Research 9, Physica Verlag, Wiirzburg—Wien, 1980, 490—496.

[7] Kall, P., Stochastic Linear Programming. Spnnger Berlm—HeIdelberg
— New York 1976.

[8] Martié, Lj., Nelinearno programiranje. Informator, Zagreb, 1973.
[9] Martidé, L] Visekriterijalno programiranje. Informator, Zagreb, 1978.

[(10] Mesko, I Computerprogramm fiir konvexe und stochastische lineare
Opmmlerung Operations Research Proceedings 1981, Springer, Berlin—
—Heidelberg—New York, 1982, 595—601.



PIECEWISE LINEAR APPROXIMATION 75

[11] Mesko, I., MjeSovit cjelobrojni model za optimalizaciju poslovanja.
SYM-OP-IS '85, Herceg Novi, 1985., 51—-58.

[12] Mitra, G., Theorie and Application of Mathematical Programming. Aca-
demic Press, London—New York—San Francisco, 1976.

[13] Wets, R., Stochastic Programming: Solution Techniques and Approxima-
tion Schemes. Mathematical Programming, The State of the Art, Bonn
1982, Springer, Berlin—Heidelberg—New York — Tokyo, 1983, 566—&603.

RESEVANJE NEKATERNIH PROBLEMOV OPTIMIRANJA
Z ODSEKOMA LINEARNIMI APROKSIMACIJIAMI

Ivann MESKO
Rezime

Odsekoma linearno funkcijo veé spremenljivk je mogoce podobno
kot odsekoma linearno funkcijo ene spremenljivke eksplicitno izraziti
s pomocéjo 0—I1 spremenljivk in dodatnih omejitev. Funkcija treh spre-
menljivk je izraZena v obliki (2.18) pri pogojih (2.2) — (2.17).

V posebnih primerih je mogoce nelinearno funkcijo veé spremen-
ljivk izraziti s separabilnimi funkcijami. Taka izraZava je prikazana
za produkt vel linearnih funkcij in za koli¢nik dveh linearnih funkcij.
Zaio je mogoce nekatere modele za veckrierijsko in multilinearno opti-
miranje aproksimirati z meSanim celoStevilskim linearnim modelom.
Z uporabo navedenih izraZav je mogole aproksimativno resavali v
praksi najpogosteje nastopajole probleme stohastiénega optimiranja.



