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OPTIMIZING MULTIPHASE BUSINESS PROCESSES
Ivan MESKO*

When optimizing the mulfiphase business process one may use
the method of linear optimization. For ‘this reason one must break
down the ‘process into several elementary processes and represent it
by a graph to facilitate the construction of a mathematical model. If
such a model is linear it can be used for the optimization of the
processes of large systems, it not if should be firstly linearized.

1. BASIC MODEL

Let us consider a business process consisting of the purchase
and transport of the production elements, the production, the sale
and the transport of the products. Usually production represents the
largest part of the business process. In order ‘to get a good survey
of the business sprocess it is therefore neccessary to break down pro-
duction into several elementary production processes or, as it may
be said; into modes of production at which the products are obtained
from the production elements. These products may appear as pro-
chiction elements at the technological procedures of the following
production phases, as final products which are sold, or they can be
partially returned as elements into previous phases. To simplify the
expressions let us 'denote production elements, semiproducts and
final products as elements.

The mathematical model is consimicted so that to each elemen-
tary process, in which ‘the modes of production and modes of purchase
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and sale of the single clement are included, a non-negative decision
variable is associated. Denote by x; the wanted quantity of produc-
tion for the j-th mode of production, by e; the quantity purchased of
the j-th element and by e'; the quantity sold of the ith element. In
most cases we may suppose that the nownatives of consumption and
the normatives of production of the elements are independent of the
values of decision variables. Denote by aj; the normative of the con-
sumption of the i-th element at the j-th technological procedure and
by a'y the normative of the production of -the i-th element in the
j-th technological procedure. In that case we can associate the fol-
lowing linear inequation to each element:

Toayx— 1 apx;+e—e iz 0
jEP{ 1 1 jEN! 1777 ‘ (1)

where P; presents the index set of the technological procedures at
which the j-th element is produced and N; the index set of the techno-
logical procedures at which the i-th element is consumed.
By (1) -the condition is stated that there cannot be more of the
i-th element consumed or sold than is produced or purchased.
Bounded capacities of sources of the i-th element are considered
in the inequation:

e =b; ' )

where b; represents the available quantity of the i-th element. Boun-
ded needs of consumers of ithe i<th element are considered in the
inequation:.

&'l- = b,; (3)

where b’; represents the needs of consumers of the i-th element.

If we denote by ¢; the purchase price of the ith element redu-
ced for the marginal cost.of purchase, by ¢’} the sale price of the
i-th element reduced for the marginal cost of sale and by m; the mar-
ginal costs of the jth elementary process which are not included
in the already considered elements, then we get the difference betwe-
en revenues and expenditures in the form of the function:

z=chei— L ce— gy )
i i j ‘

where the first sum refers to all elements which should be sold, the
second sum to the elements which should be purchased, and the
third sum to all elementary processes. When the prices ¢, c'; and
marginal costs m; are independent of the decision variables, then
{4) is a linear function.

From the conditions stated the mathematical model is obtained

in t}le form of the maximum of the function (4) subject to the con-
straints (1), (Z)f (3) and subject to 'the non-negativity constraints.
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2. LINEARIZATION OF THE MODEL

i Let us consider a more general problem in which the norma-
tives ay _and a’; also depend on the values of the decision variables.
In practice the most important case is when the normatives ay and
a'y depend only on the_ variable x;. The quantity produced and quan-
tity cons_umed of the i-th element is in that case expressed by the
sum of integrals, so instead of (1) we get the inequation;

.‘C,- X
T faptidt— T [ag(t)di+e—e;z0 ()
jeP; o jeN; o

Introduce the substitution:

X = Xt + Xp + ...+ ‘\’ﬂej (6)
Uéxikédik k':_],,_,lk,. (7)
Xp < dp=%4,,=10 k=d,...,k—1 (8)

Let us divide the admissible interval for x; into k; subintervals
and let us by (8) ensure the correct increase of values of the variables
X Le_t us denote by a'y® the smallest value of the normative a'y
and with a9 the biggest value of the normative a; on the k-th sub-
interval,

Often we may suppose that the normatives are piecewise con-
slanlt. In that case the interval for X; may be divided into subintervals
so that: . :

.

xi k"
Jap(t)dt = T a'yfd ik 9
Q k:l
% v K, .
Jag(ydt = I a¥xy, 10)
0 k=1

B Even when the normatives are not piecewise constant it is pos-

sible to divide the interval x; so that in practical cases the integrals
may .be suibsti‘tqted by sums’ considering (9) and (10). If the norma-
tive Js.not continuous at many points, but is bounded, it is possible
to define the intervals so that in (9) and (10) the integral differs
from the sum by less than any positive value. From the definition
oLE t}lc coefficients a’y® and a;® it follows that subject to the con-
straint

k; k;
I T oaa— DT a4 e—ez0 a
jeP; k=1 JeN; k=1
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(5) always holds. So it follows that in practical cases nonlinear con-
straint ((5) may be’substituted by constraints (6), (7), (8) and (11). The
constraints «(6), (7) and (11) are linear, only the constraint (8) cannot
be used in the usual linear model. When the sequence a'y® is nomn-
increasing and the sequence a;® mnon-decreasing, the constraint (8)
may be cancelled. From (11) then (5) always follows. That is to say,
if the set of solutions of the inequation (5) is convex, then the condi-
tions (8) do not influence the optimal values of the decision variables
x;. In that case the nonlinear model can be approximated by the li-
near one. Only the number of inequations and variables is increa-
sed. Equations (6) may be cancelled if x; is substituted by the cor-
responding sum everywhere.

Similarly we proceed when the coefficients ¢; and ¢’y in (4) depend
on the corresponding -decision variables. At linearization of the ob-
jective function the conditions analogous to (8) ‘may be cancelled when
the function is concave or it may be approximated by the concave
function. The most frequent case is when there are several consu-
mers and for each of them there is a different sale price and margi-
nal cost of sale. Linearization of the model is then very simple. If
we denote by e’y the quantity of ith element sold to the krth con-
sumer and by h; the number of consumers of the i-th element, then
we get:

e
ei=ey+ept...+ ihi (12)

b’ik = 8'{1( = b“;k k=1,..., hi . . (13)

where b’y represents the minimal need of k-th consumer which must
in any case be satisfied and b”j the total need of the 'k-th consu-
mer. If there is no prescription as to which consumer should be
satisfied first, then there is also mo need to consider (8), so the con-
sumer who offers the best price is satisfied first. If by ¢’y the sale
price achieved by the k-th consumer reduced for the marginal cost

of sale is denoted, ‘then in the objective function (4) the following .

must be considered:
PR R S B PR [ e’
ciei=cyeyt+cpey ..+ Ihi ih[ (14)

We proceed in a similar way when there are several sources for
an element with different prices of purchase or different marginal
costs of purchase. If there are for the i-th element g; different sour-
ces and if we denote by d’ the minimal, and by d"; the maximal
quantity of the i-th element which could be purchased at the k-th
source, then we get:

e=ey+ept... + el'g[ : (15)
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d'n = ey = d'y k=1....g ' (16)
cigg=cyeytepep ...+ Clg!. et‘gi (17

The variables e; and e’; are not needed, so they are substituted
in (11) by (12) or (15) and so e get:

k; k;
= = a."-"(k) Xy — PN P {I“‘k) x,—k +

.jeP; k=l jeN; k=1
(18)
g h
+ ):: i — Z Ell-k =0
k=1 k=1

In the objective function (14) and (17) must be considered. The
last sum in (4) which corresponds to the elementary processes should
be transformed in an analogous way if this is necessary. So the mo-
del is obtained in the form of the maximum of the function:

I‘l,‘ 8; kf
= : E C'ik e'ik_ ): : Cix Cj— ):: E 771;& .“C',-k (19)
i k=l i k=1 J k=1

subject to the constraints (7), (13), (16) and (18) which must be for-
mulated for all the elements.

Different marginal costs of purchase or sale may be a conse-
quence of the differences in transportation costs. For this reason it
is possible with the described model to optimize at the same time
the transport of purchased elemients, the production and the tran-
sport of the products wsold, if all ithe producers in some re-
glon are taken into the same model. Of course in the model associa-
ted with a single producer the transport cost may be considered as
well and we can optimize transport from the viewpoint of this pro-
ducer.

- 3. REALIZATION OF THE MODEL

.In practice it is possible to use only such a model which is fairly
simple and clear. In spite of using the linear model some difficulties
in understanding the model may occur if the process to which the
model should be associated is not easy to survey. These difficulties
may be lessened if a graph is associated with the business process.

This is done by means of associating with each elementary pro-
cess the transformation node and with each element the allocation
node. From the allocation node E; to the transformation node X;
leads a branch with the value’ ay if there are a; units of the ith
element consumed per unit of the j-th elementary process. From
the transformation node X; to the allocation node E; leads a branch
with the value ay if there are a’y units of i-th element produced per
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unit of the j-th elementary process. The transformation nodes are
represented by squares and the allocation nodes by circles. To each
elementary process and thus to each transformation node a variable
ropresenting the quantity of process — the quantity of production
"— Is associated. For this reason for each elementary process a unit
of measure is needed which in the production process is usually
equal to the unit of measure of the basic raw material or-of the
main product.

Inequation (1), which is associated with the i-th element is ge-
neral when ‘there are linear relations, which holds for almost every
practical model for the majority of the elements.

In special cases (1) can be simplified. If we do not intend to
sell the i-th element, the variable e’} is not introduced, and if we
do not intend to purchase it then e; is not introduced. If the i-th ele-
ment cannot be produced, the first sum is cancelled and if it is not
spent at any production process the second sum is cancelled. If the
i-th element represents their own working means with the capacity
b; and if the surplus capacity cannot be sold or rented and also if
no further capacities can be rented, the variables e; and e’} are not
introduced and the first sum is cancelled as well. Instead of e; the
available capacity b; is taken and the simple inequation is obtained:

- (liix‘- = bi
jeN;

Even when the i-th element is a semiproduct which cannot be
sold or purchased the variables e; and ey are not introduced. In
order to distinguish particular types of constraints, the allocation
nodes can be represented by ciroles in different colours.

The system of inequations cannot be written down in practical
cases. Even the fairly small model which was used at the Factory
for Milk Powder with 151 employees has had 134 rows and 196 va-
riables. In the larger business systems there is a need for larger
models. All the technological data is therefore gathered on a graph
and from the graph it is brought onto the coding list. The control
of data and the analysis of resulis is done by graph as well.

In the meat industry PIK Belje a model with 1431 elements and
1162 elementary processes was used. Inrespective of the fact that
drawing the graph was time-consuming it was more than compensa-
ted for by repeated use for different purposes. The model was treatcd
by the program LOMP and solved on computer IBM 4341 only 36
minutes. )

When the computer based information system of a process alrea-
dy exists it is possible to formulate the objective funclion and re-
stoictions directly from the computer. This was the case for the
steel-plant ZELEZARNA RAVNE. Most of the data was carried in-
to the optimization model by computer program and the rest manually.
In this way, apart from other advantages, the possibility of errors
was significantly reduced.

In the model it is also possible to consider the fixed costs. Let
us consider that in the elementary process X; fixed cost s; monetary
units is obtained when x;> 0 and 0 when x; = 0. From the constraint
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X = dyy; yi=0 or 1 (20)

it follows x; =0 when y; =0 and x; = d; when y;=1 where d; is a
constant and x; a non-negative variable, The fixed cost in the elemen-
tary process X; is included in the objective function (19) by adding
the term —s;y;.
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