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matne stope na kredite i kamatne stope na siedne uloge $to manje
razlikuju. U tom slucaju, preduzeda bi se orz]ehtzsala u potpunosti na
kreditno fuumsuan]e investicija, dok bi radnioi Stedeli ulaganjem na
Stedne radune. Ukupan obim Stednje i investicija ne bi bio niZi od
onog kad postoji licno lasni§tvo mad sredstvima za plozzvodn]u u
samoupravnom preduzecu.

Na kraju treba primetiti da, iako su u perfektno; konkmena}z
kredit i samofinansiranje podjednako dobri nadini za finansiranje in-
vesticija (jer do samofinansiranja wnede dodi dokle god postoji meki
projekat sa viSom stopom prinosa od one koja je ostvariva unutar
datog preduzeca), u stvarnosti je kredit preferabilan. Razlog za o je
Sto se radnici u datom preduzecu mogu, usled subjektivnih faktora,
pre odluditi za ulaganje u soptsveno preduzede, Sak i kad je stopa
prinosa niZa od one koja je ostvariva van preduzeéa. Naravno, takva
situacija je, sa drustvenog stanovista, suboptimalna.

.

THE SELECTIONS OF ELEMENTS FROM A
GIVEN SET RELATIVE TO ONE CRITERION

Branislav I[VANOVIC*

1. INTRODUCTION

At prefsenit we are fnoreasingly encountering prioblemis concerning
the ddentification of one subset from a given set of elements that
woulld, as a separate emtity welafiive o some critterlion, repielsent an
extreme group of that set.

An exaniple bf such a problem would be, in the fist place, the
selection of the beist or weakelst elements welative o omne or more
vartiables, or relafive to one comimon or sywthetic oditerion.

Piroblermis of thils sout are found im the everyday praatice of mum-
erous sodial, scienfific and ecomomiic adffivities. For example, we
conlld say thalt this problem avea is the foumdation of.the policy for
pensonme] promotion @n administration, in the economy, in oulftiral
fields, in the military, etc. The same ds aliso frve wegariding the selec-
tion of candidates for job posts, schiool entrance exams, tthe oganiza-
tion of various represemtational groups, drawing up guest lists for
receptions or meelfings, approving lindividal Gbems in dnvestment or
buldget plamis amd, in genemral, when giving pdicdity to dndividuals or
cattegorlies.

It is obuilous that problemdsolviing will be wendered miore difificult
if we have to deal with one multidimensional or synthetic oriterion
beocatise the question fs then malised of selecting the vaniiable as well
as an adequate symitheific ariteriion. Much disoussion hals already been
devoted to thelse dssues!? so there ds mo need to dwell funther on them
here.

Thils group of problems also dndudes the wvery toplical dissue of
nafiionalization of banks and lndustiiel enteriprise groups in France.
In adition to 139 foreign banks, there are presently 111 national
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banlks in France. The program of the French Government emvisaged
the nationalizatfion of 36 national banks sivhile condidesing the rem-
diinfing 75 #o have a “popular” character. The reactiion was siolent.,
Accondiing to which objedtiive cafiteriion wals a bank declared to be
"neitionaliizable”, and why 36 and not, for example, 35 or 37 banks?
Fifity thousand stodkholdexs of Crédit Comimerdial de France (which
was up for naftionalization) gtated dn their protest that "ithe awthors
of the program have never been able to, mor will they ever be able
to, justily the disoriiminalion between “mationalizable” am'd "popular”
banlks.” The sfiodkhiolidents therefore hold that §f dt s really necessary,
then all banks shoulld be nationalized, amnid & not then mo bank should
be naffionalized. @it fis obvious mhat meither of these extreme wesolu-
iions suits the Sodialilst Pamty B govennment because the fimst §is in
the "final" program of the Fremch Commumist Party mnid the second
iis iin the comitexit of the caplitalist ideclogy prevailing in the wighit-wing
pamtiels. The program bf the Sodialist Panty can centainly be criiticized
for mot elaboratiing objective cufiteria for quantitafively deterimining
the degree of the sodietyls need for the nationafization of a single
bamk, enid ithein odfiteriia for separating an objedtive, deanlydiscrimi-
nated group of bankis that will be mationalized and will represent a
separate entity. Otherwiise, the impresdion cremalins of inresponsible
arbitrariiness on the side of the Sodialist Pamty im adopifing concrete
decisions wifh regarid to matfonalization. The same afificiism, although
wiith. perhaps leds sevedfity, coulld aflso be dddressed to the "national-
dzable” linidustrial enterpulise gronyps.

In deterimiining fhe grioup of weakest elements in a given set, the
problem cam finst be malised of Hdentifying the miost poorly‘developed
regionls lin a coumtry — whiich are increasingly being ireated im the
firamework of the sodic-economlic advancement of thalt coumitry — in
arder to extend spedial alid to the whiole country for the pumpose of
accelerdafing the development of the weakest regions and thus dlosig
the gap between ithe richest anld poorest regional umiits.

Yuigoslaniia (1956) amd several ofher ocounfifiels have wcquired a
cerfidin amount of experience fn ranking and bdentifyling thelir weak-
est regions. In light of the Highly semsitive nafiure of the problem
beling treated, because dt ds adlways a matier of substantial financial
and sodial =liid to regions in tthe grioup of the weakest, thils experfience
has shown fthat every solutfon must be anchiored on inreproachable
scientificobjective argurmentation amd miust be firee of any airbitra-
siiness. Otherwise, confroversies are dmeditable apid the final result
Will lrave an impact comipletely different from the one desired:
finistead of rapprochement, the regions will grow apant avith a swel-
fiing feelling of bittenness and dnfustice.

An analogous problem Bs the ome of elfimimation in pewsomnel
policy, especiglly fin cases where each candidate s lested by meas-
urling a seriiels of dwalits, and if a primitive imethod of adding wp ar-
biitrarily/defined points lis mot employed. As the case in point here
concerins the career and firequently the very sumvivall of the dmidiviidual,
it ¥s unmecessary ito. stress ithe amount of delicacy, caution and objec-

~ tilom.
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tinity requiired in attempting o wresolve such problmes of elimina-
R

Problemis of iseledtion aliso ocour on the intermational plane. We
could cite here one that fis linked to drawing up a list of the poorest
among the developing countufies (a project undertaken by the UN
Commifittee for Development Planming) as well as the problem of
ddentifying the group of developing coumtries most sorely affected by
the oil criisiis (the UN Commission for Trade and Development).

Selecting the group of best elements, relative to some criterion,
willl be greatly fadilitated Hf that cfiterfion can be gquantified and an
ondereld dlassification of all the elements in the observed set is estab-
lished. It is evidemt then that the finst elements of that order will
belong to the group of best elements, and that the latter ones will
belong to the group of weakest elements. The problem, however, is
stiill unresolved because the task remalins to draw the borderns im that
order which woulld wseparate dhe group of best, or the group of
weakest, elements.

Generally, the problem fis indefiinite because if there are mo other
additional constrafiints, such as a prefixed number of elaments in the
selectiive group or a prefixed borderline value of the critenion, the
number of possible solutiions will be equal to the mumber of elements
in dhe observed set.

The goal of this study ds to present several procédures emabling
gifther the complete wolution to the selection problem wallsed or a re-
duced degree of fits indefiniteness. In the secomd case, the significan-
ce of such results dies in the following: if the observed set contains
twemity elements amd dif, for example we have reduced the number
of altennative solutlions fidom =a total of twenty to only four, then it
is obniowsly much easier ito coordinate the opinions of all the inte-
rested pamties and to accept one mutual solution of the four possible,
dleamly-separated onels.

Therefore, for the obtained order according to the given anite-
dion, and by using a matix of dimilanity celafive :to that criterion, we
can acquire a Sorensen dendogram defining a hierarchical classifica-
fion of the observed set. By msing that hierarchy we can form a re-
duced ordered set of pambs whose core will be the last element in
that owmder. The employment of this procedwre can substantially
reduce the number of alternative solutions, i.e., it can decrease the
degree of indefiniteness of the problem being examimned.

In an amalogous way we cam also solve problems where the order
of the eclements of the basic (observed) set ds determlined via one
atfitedion and the dendrogram via amother.

It frequently ocours in practice that all the interested parties
feel that certain elements should be part of the group of the weakest
ones. Then the group of the weakest will comprise the most restmic-
five class defined by these elements and by the weakest element in
the order relative to Sorensen’s dendogram.

If the elements of the basic set of the statistical mass with the
given ordens are according to the observed criterion, and if we wish
to use all avalilable information, the problem will be solved in a
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somewhat different fashiion. More predisely, we will determime the
ordered dlassification of populatiions vid%ithéir arithmelical means,

and the matrix of separability coeffidients will conrespomid to the.

maltrix of simfilarity. The obtained demdrogram will enable us fo ar-
riive at a sequence of alterinative soluitions for detenminiing the group
of weakest populations whille giving consideration to the separateness
or blending of the malsses existing between them. The mumber of
these alterinative solufions is lower tham the mumber of populaftions,
amid thils decrealsels tthe degree of arbitrariness dn sepavalting the group
of the wealkest; also, every broader solution comtalins 2l the popula-
tlonss of the prioceding solution. The given severlity oriiterion for degree
of sepamability can dnfluence our dedision to opt for one of them.

Aliso obsemved fs the case where the order of clemenits of the
badic set is formed via one afiterion, amd wiliere an examinaiion must
be made of a wet of altemngtive solufiions for dividing that basic set
inmo the group of weakest eldmenits anid the group of its remalining
elements — via one multidimensional feature. Thils pnoblem ds also
solved by applying coeffiidienits of separability.

The method that we have proposed here provides am effective
imstrument for chediding the wrevision of the group of weakest elem-
enits to ishow whelther or niot a really objective improvement has been
alttained.

By using thfis method we can define the best separated group of
weakest elements. More predisely, if the number of eleéments in the
group of ithe weakest is mot essential, then 'the group of the weakest
will be that to which the coefficients of separabillity comrespond
maximum maxinorum.

The most clearly-expressed problem [n idetenmining the group of
weakest cdlements dn ithe basic set, acconding to one observed set of
vaniables, occurs in the case where all theise variables are useid to
constmuat the criteriion by which the omdered dlassification wof all the
alements of the basic set is obfained. Once the order i established,
the deterimination of the group of wealkest elements will be made
vim the Sorensen demdogram — which s a more ithorough procedure
than the one wilth the coeffiicient of separability.

Finally, menfion s made of the rather sophistiical combined
method of F.I! in dnidentifying the weakest elements of the basic
sat.

Tn dosing’, it ds noteworthy that we also encounter #hils problem
area fn the Yugoslav selfmanagement —system of compacts. More
precisely, if a wsodial comipact ds made oonceming some economic
dssue, then it s useful to give a comresponding salentlifiicliogical stmuc-
ture to that policy solution in ovder to avert all conimadictions and
any possible unidedirable conlsequences.

2. DETERMINING THE GROUP OF WEAKBST ELEMENTS IN AN
OBSERVED SET RELATIVE TO ONE CHARACTERISTIC

Let nis obserive set S with N elements, for which we are mea-
sutfing characteristic X. If we arrange ithe obiained mumertical values
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by meagnituide, we denote by e; that element whose value X =x, has
i th rank in that order. The monotoniic increasing sequence

Keg=<xp%p.0.. X5 >

rqpresanx ts the ordered dasdification of set S relatiive to character-
istic X.
Now lat us demiote

Ay =1z, 2y ..., 751, je{l,2,...,N},
whereby

Ay ={z1, Ay =S, A,‘1 = Al‘+l,l .
As .

N
.nIAiI = {x},

j=.

th’us Wwilll say for element x,, i.e., for the weakest dlement in set S re-
latiive ito X, [that it represents the core of the amramged set of S parts.

KA= <A”,Au,...,ANJ>.

The idetenmiination of the group of weakest elements of 1S, rela-
tive to X, lis indefinite because each of the subsets Ay ( = {1,...,N})
can wepresent one such group. More predisely, there are as many so-
lutioms (N) as there are elemernts.

We will therefore dry o weduce the muumber of possible fogical
solutfions.

If we understand the absolute difefirence dy = |x;—x| to be the
degree of simiilarity between e; and e; welative to X, then we can form
the dendrogram of set S wvia the matdix of similanity D = [d;] and by
amploying ithe method of complete linkage. As the onder of elements
s already fixeld ~vitth Kg, the flinst mefighbonting dimgonal with @ prin-
dipal diagonal of D wiill be useld o form that dendrogram.

Therefore, Sorensen’s idendrogram, which defines a hierxarchical
dlassification of set S, conresponds to every Ks sequence.

Let x; = X, and we denote {x;} = By;. Further, by ,* we denote
the llevel at which the element x; links the melighboriing group and
forms group B; amnd, in general, Idj* denotes the level at avhich group
By, links with the neighboring group end fonms group Bj. Let there
be a total of m such groups. Iit iis evident that

-BII = {xl} > Bn} +8 ’ nsN i ’B” < BJ'H.I .

As n
N By ={x]},
i=1
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x, lis the core of the anranged set of parts '*’_‘i-)""//'

KB'_—" <B11;-le,--o-,anl> . . :

Brery By compifises one entire class of the weakest elements of
S, both fn light of tthe similarity existing among them and of the '
arfiterion for linking dy*. )
Thanks to this method, the mumber of altemmative solutions 1s
reduced firom N o m.
The problem will be completely wesolved if we add one of the
followling conditiions: »
1° dhat the shniotmess of the critetion for linkage mst mot be
lower than w given border,
2° ithat the mumber of elements fin the weakest group fis mot higher
tham a prefixed number,
3° that the walue of X elements dn the weakest group fis mot higher
tthan = pre-fixed mumber. .
In other words, these conditions are reduced to

rd,<d

2° |Bul €k

PV ljell... mlige Bu=x(e) <cl.
where d, k and c are the constants given in advance.

As am example we itake set S, whose dendrogram lis shown in
Fig. 1.

X4 Xa Xa X4 Ys Xg X7 Xg XN X
Figure 1
If, for some specific reasons, the mumber of elements of the

weakest group should mot be higher than eight, possible alternative
soludiens will be:

B'y={e} onthelevel d* =0,
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By ={e, e, e e, &5} on the level d,* = 6,
B’y =1{e,eye;6,6s5e,6,¢r on thelevel d* =7.

The mumber of altenative solutions s reduced dirom eight o three,
so the conclusion follows that the mew procedure for determlining the
group of weakest elements of S welative to X, although sfill «with a
centain amount of =awbitrariness, fs more predise than the azbitrary
drawimg of boridens dn ithe ordered dlassification K.

3. THE METHOD OF THE MOST RESTRICTIVE CLASS

Let Ks(Y) be ithe ondeved classificatiion of set S of N &lements,
obtained ia criterion Y. Determilne the group of weakest elemenits
according to Y relative to ariterion X.

For example, S can be the set of regions of one coumfry, Y the
sodial income per capita, and X the rate of growih of tthe industrial
production of the regions. Malintaining the order Ks«(Y), detenmine the
group of ithe weakest regions of the observed country via oriterfon X.

If sx (e, €5) is the selected measure of simflanity, then, maintaining
the order Ks(Y), the dendrogram of the hierarchical dlassification of
set S (Hig. 2) can be detemmined +ia the comresponding mettix of si-
mifleniity gx = [sx{e;, €;)]

#;ﬁ}_ i

el e

€0 . €20 Ks;(Y)
Figure 2

In the example whose dendrogram is given in Fig. 2, we will
have ithe following eltennative solutions for the group of weakest ele-
mentis of S:

By ={eg,

By ={e;, e, €5},

By ={ey, e, €, 4 653,
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B'y={e,ey,eseyes 6,588} i o
. e
Bg={e,ey...,en}=S. -

It ofiten ocours n pradtice that all the imterested parties comsider
thad element ey, € ...,€, Should join the group of the weakést. Then
that growp will be compiiised of the most restiictive diass’ of elements
(e;, ex) or the elemenlts (e, e e, ..., e, of the Hierarchical oclassifica-
tion 'of set S — given by the denidrogram dn Fig. 2. Therefore, the so-
lution fn the firnst case will be B* {e;,¢y), and in the second B* (g, e,
€0 ne ) .

In our example, lif we consider ithat eleément e, should foin the
group of the weakest, then tthat group will be detenmiined by ‘the most
restriictive dlass B*(e,, €;) = B';,.

Similarly, Gf ave comsider that the group of the weakest should
contain element e; in addition to ey, the solution will be

B* (e, €5 9 = B'y.

In other womds, &f there is agresmenit ithat element e, should join
the group of the weakest in addition to the iveakest element e,, then
element e; should also [oin this growp due to mutual simillandity.

By ithe same token, if agreement fis reached ithat elements e, and
e; should 4oin the group of the weakest with e;, then, due o muiuai
linkage, the elementts e;, 4, €5, €7, €5, € amid ey Mmiust also [join that group.

Here awe also encounter the Yugoslav selfamanagement syistem of
compadts. More precisely, if a sodial comipact s made concemning
some economiic issue, then Gt s mecessary 4o give a comresponiding
sdientiific-logiocal struoture tto that policy solutiion in order to avent amny
comtradictions wmnid possible wunfjust consequences. For example, if
agreement has been: reached that ey, e, anid € are ttalken as the weakest
elements, the group of weakest elements caninot be fortned of only
those ithree clements because it <would be comtradictory to overlock
e;, e; and & and umjust o fgnore e, e, € and e;, which are inseparably
linked 40 ;.

4, DETERMINATION OF THE GROUP WEAKEST POPULATIONS
IN ONE SET RELATIVE TO ONE VARIABLE

Leit us mow obsenve ithe case svhere the elements of set S are po-
pulations and we are measuring variable X of these elements. Then,
an order with the adithimetiical mean X; anld the law of probability € (x)
Will conrespond to every clement €. By amranging the arithmetical
means by wagnitide, we will agdin obtain a monoctonic fncreasing
sequence

. * B, Ivanovié¢, "Groupement des pays par rapport a leuns profils so-
cio-économiques”, UNCTAD, Geneva 1971.
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Kg= <x;, %5 ..., >,

which represents the ouidered dlassiflication of set S welative to X,

How ido we mow separate the poorestideveloped population of set
S welatiive to X?

The difference between mnefighboring arfithmetical means fs no
longer Emportant, but rather the kmowledge of whether or mot there
is a minbure of ithefir ordens among meighboning populations. More pre-
diselly, desplite a small nterval between the anfithmetiical means of two
neighboriing populatfions, they will be considered remote fiom each
other §f there is mo mlixture between the masses of itheir orders.

For example, in Fig. 3 ave see ithalt populations e, and e, are
complebely separated and so are less dose than populations e, and e;.

. 1 ) \
Xz X3 4 Xs X X

A
¢

o

Figure 3

Therefore, fmstead of distamce dy, we will take the measure of
separability’ as the measure of similadity between ithe itwo popula-
tiions of onder Ks.

The measure of separability reacts to every mixture. It is sufifidient
for only one element of one population to wan'der into the region of
amother population to cause a reduction fin its value.

Let us @inst assume that ithe population orders are continuous and
that thelir laws of probability are known to ws. Let us denote the law
of probabillity of population e; by ; (x), and fits eelithmeitical mean
by Ki'

We will define the measure of separability between populations
e; and e; with the respeative laws of probability f;(x) and f(x), by

E(Y)—E(X) y—=x
4.1 = = s
=00 -0
E(Y—X) IS ly—=xlf(xy) dxdy

4 B. Ivanovii¢, »lzbor obeleZja prema njihovom stepenu separabilnosti
u odnosu ma posmatrane istatisiidke skupoves (The Selection of Vamables
According to their Degree of Separability Relative to Obsenved Statistical
Se;s)ig'él]w VIIIth Annual Meeting of the Yugoslav Statistical Sodety, Zag-
web, 1967.
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whereby £ (x,y) is the twodimensional iarwﬂg@(_;p’mb'a‘bﬁﬂity whose mar-
ginal laws are f (x) and £ (y), and X <y. T .

If both distelibutions are completely sejpamateid:

[x—yl =y—x=1p=1

I both distributions are completely miixed: x = y= 1= 0.
In the general case, 0 < 7, < 1,

ly—x| =y—x ly—x| <y—x

SN AN,

%, ’ X y
1y=x|=y=-x ly-x1<y=-Xx

Figure 4

Let ms now assume that the population distrfibutions are mot con-
finuous and that itheir elements are grouped according to group -
tervalls. )

‘The measure of separability between populations e, and e, with
respective mon-continuous laws of [probability {<x; £®0>} and
{<yy £@>},  will be

y—x
(4.2) 7] = n
)__!-: Fl)’;—le i
where i fis the melative frequency of the two-dimensional distribution
and X <.

Tf both distriibuiions are completely separated:

yj—x] =y—x] 2 np= 1.
1 both distriibutiions are completely miixeid:

;:7: TR = 0.

And here, in the general case, 0 < 77 < L.

The procedure for detenmiinimg the weakest group of the pqpqﬂa-
tions of set S will be camnied out by Iomrimg the idendrogram via the
ordered classification Ks= <X;, Xp,...,Xy> and the matrix of se-
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parability T = [;]. The meighboring diagonal of #the principal diago-
mal of T gives the coeffiidients of separability between the neighboxing
popullations ranked according bo Ks.

The obtalined dendrogram enables ns to eaudive at a series of alter-
mative solutions for deterimining the group of weakest popullations,
giving comsideraftiion to ithe separation existing between them. The
wumber of ithese altemnative solufions #s lower than ithe mumber of
populations of S, whereby the degree of arbitrariness fn iseparating
the group of the weakest is reduced and every broader soluiion con-
taims alll the populations of the preceding solution, The given criterion
of sevedlity of the degree of sepavabiiity will influence ws in opifing
for one «of ithem.,

If an agreement is made to fnclude amother spedific number of
populations in addition to e, the group of tthe weakest will be de-
tertimlined by the method of the most restrictive class.

As s evident, ihe problem of determining the group of weakest
populations lin set S welative +to wariable X fs wmethodologically re-
solved lin the same way as in the preceding case, except that mow —
kmiowing the distiibutions of elements in sst S — we have additional
informaltion ithat we use for determining more precise relations among
these dlements and, by extension, for obtaining more precise results.

Regandimg the |practical eapplication of this method, §f the walue
of x®, or y;®, s a high number, the calculafion of coeffidient
becomes a palimstalkding task. Then the whole procedure can be simpli-
fied by giving the followling statistical foxm o the coefficient of
separabillity ’

y—2x
(43) 1=
Oy—0x

Thils so-called disperision measure of separablility between itwo po-
pullations® vaxties in the interval [0; 4+ o] and achieves a value of zero
if the masses of both dismilbutions are completely mixed (y = x). It is
saiid for ;<1 that tthe populations e, and e, are poorly separated,
anid that for 77 > 1 that they are dearly sepavated.

5. DETERMINATION OF THE GROUP OF WEAKEST ELEMENTS
OF ONE SET RELATIVE TO MULTIPLE VARIABLES

Let wis assume that on the badis of atitedion Y we have idetermined
lthe ordered clasdification of N elements of seat S, and that two al-
ternative solutions H; and H, already exist for Ithe division of that

5 B. Ivanmovi¢, »Teorija klasifikacijec (The Theory of Classification), In-
stitut za ekonomiku indusirije (The Institute for Industrial Economics),
Belgrade, 1977.
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oty SI into the group of

its emaining clements.
Let

Am1={8h8b...,6m},
Ay ={n 1 CmCmyp--, 0}, m<n,
mne{l,2...,N}

so that the alternative solutionis
HI = {Amh A’ml} ﬂ.ll{i HZ = {Anh A’nl} .

Exaimiine whiich diivision fs befter, in other words, which group is
better separated firom rthe other elements of set S.

Let ars wssume that the wariables X, X3, ..., X Will be msed for
that examlination, amid-that we dispose of ftheir statistical data for all
the elememts of S.

We wdopt ithat the H distnibution s as good as the separation
between the group of elements A = {e,€;,...,€,} and A'=S\A. If
we use T, ito denote the coefifidient of separability between these groups
relative o wariable X, the coefficlent of separability relative to all k
variables will be

Gl < (k)= (1%1 U,

whereby

m (N — 1) (x—Pp — xF,

(52) <, =

N
D xpa—ny |

The value of coeffiicient < (k) wamies from 0 to 1. In the case of
counplete separation of acoumulation of points of elemenlts of groups
A arid A’ in RE it will be (k) = 1. In the case of #the coincidence of
their centens of granitation dn R* or in one of fits subspaces, it will
be 7 (k) = 0.

If mow = (k) ts the coefificient of separability for division H; re-
latiive fo the set of variables X = {xy, ..., X}, and if (k) > «; (), the
dindision H, fis better tihan ithe division Hj.

We notlice thalt for the determiination of distribution Ks the crfiite-
wion Y can be hdentical to one of ithe vasfiables of set X. For example,
in ‘detenmining the group of the most poorlysdeveloped regions of a
single coumtry, we can take the per capita sodial fincome for the ori-
temion Y = X, and for X the set of k dndicatons of sodio-economic de-
vellopmental level. However, as then +; =1, X can be reduced to the
sat

1
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{xn %5 .0, %}

By ithe same token, this meiliod can be used for investigating two
or micre divisions of set S nwithout any order of their elememts. But
thiis fis mo longer a matter of the group of weakest elements, rather
onlly of which of the alternatiive groups fs better separated from the
group of the remaining elements of set S.

Example. — In 1972, UNDP charged lits working growp, with Pro-
fessor Jan Timbergen at the head, to determine the group of most
poontlyddeveloped couwdnies (4,) firom among the developing countilies (S).

Affiter a long and very comtmoversial discussion, this working group
stayed with an infonmation base of only three tndicators of develop-
ment:

X; : Per capita mational income,
X, : Percentage of flliterates over the age of ten, ankl
X; : The hare fndustiiial production in the mational income.

The fowith indicator, ,,The Per Caplita Rate of Growth of the Na-
tional Income”, had ithe 'occasional wole of a correotive factor.

Wiithout goling dnto the walidity and fustification of a primitive
procedure, which Tinmbergen's group used for the fidentification of the

" weakest countries, the following list of countries was obtained. It is

supposed ito wepresent fthe group of most poorly-developed countiries.

Ay = {Upper Volta, Bupunidi, Rwanda, Yemen. Chad, Mali, Eithiopia,
Somullia, Malanvii, Niger, Laos, Nepal, Dahomey, Afganfistan,
Tanzanie, Gambia, Haiti, Botswana, Sudan, Guinea, Uganda,
Lelsotho and Togo}.

The UNDP semt this proposed list to ECOSOC for further de-
liberatiion. Thantks to lits hierarchical authority, ECOSOC mmade certain
chamges in the list. More precisely, Gambia and Togo ware removed
from ithe lisit while Bhwtan, Westenn Samoa, Sikidim znd tthe Maldives
were included.

Thus, list A, was obtained. This was accepted by ithe UN General
Assembly with the proposal that intensive =iid be extenlded to the
ocountaiies on dhat list.

A, = { Upper Volta, Bumundi, Ravanda, Yemen, Chad, Mali, Ethio-
pia, Somalia, Malawi, Niger, Laos, Nepal, Dahomey, Afigha-
misihan;, Tanzania, Haiti, Bobswana, Swdan, Guinea, Uganda,
Lesotho, Bhutan, Western :Samoa, Sikldm and the Maldives}.

Talkling UNCTAD's set of Id tmdicatons of sodio-economic develop-
snent, the coefficient of separability of division H;, of ithe division
between the coumdnies ion list A; and ithe other developing ocumntnies,
amounts tto <,(11) = 0.967. 'On the other hand, the coeffidient of
separability between the countrlies on ECOSOCs list A; and tthe other
developing countries amounts ko 7(11) = 0.965. This means 'that
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ECOSOC's comreated group was actually more poorly separated than

-~ the group of countriies proposed by the UNDPE" :

Therefore, regaridless of how dist A, was compiled, fit fs wtill fbettér :

than ECOSOC's list 4;, and so the question fs raised of what motiv-
ated BECOSOC o complle a Tist that was worse tham Tinbergen’s.

In amy case, ithe method that we have proposed here offers an
effectiive means for confrol when wevising a group of weakest elem-
ents, for detenmiining whether or mot a revision has tmuly brought
about an objjective Bmprovement,

Finally, we mote that for the given onder Ks, by uisimg dhiis method
we can seek the bestseparated growp of weakest elements of set S,
relatiive do aritenion Y, and forr the set of variables X — wia coef-
fiiclents of separability.

Let us dwell on the first and weakest elements of onder Kg with

the denotation A; = {e,e,....,¢ }oamd Av={en€u2.... 05}
For each division H; = { A;, A’y } we will obtalin the corresponding
vallue of tthe coeffidient of separability «; (k),emd ¢ = { 1,2,....,N—1]},

caloulated on the basis of kk wvarliables of set X. The diagram of the
sequence of coeffidients of separability obtained in this way wwill
represent an intemrupted dime with a centain mumber of minfmums
and maximums. Let o be these maximiums and let

Wlje{lL2. .., n}lMe{l,2...,N}=1y <xn >y ]

j=1 i J+

Between every two successive amd «ifferentwvalue minfimums of
coefflicienits of separability <, =and <, there s a madimum, i.e.,
s s+l
there fs a division along ithe comesponding subdnterval [my,m,,;]

which best sepalraites the group of weakest clements.

If ithe mumber of elements in the group of ithe weakest fis not
imjpontant, ithen the bestseparated group of the weakest will be the
one that maxinum maximorum corresponds to ithe coefficient of sep-
arabillity.

Ti(k)

L. 1 T 1 2, 1 2 I3 1 L 1z It 1 1 1

1 2 3 4 5 6 7 8 3 10011 12 13 14 15 16 i
,

Rigure 5

In the example in Fig. 5 we see that for the obsenved set of 16
elements the group of mhe weakest can be fommed im six possible
ways:

SELECTION OF ELEMENTS RELATIVE TO ONE CRITERION 355
~ Ramk of size ‘Coefificient of
*  of group - Size of group separability
0—2 1 - 0.167
2— 4 3 0.375
4— 38 5 0.583
8§—12 10 0.917
12—14 13 0.833
14—16 15 0.667

The weakest five anid ten elements are most evidently separated,
and ithe coefificient of separability maximum maximorum corresponds
to ithe group of tem elements.

6. DETERMINATION OF THE GROUP OF WEAKEST ELEMENTS
OF ONE SET RELATIVE TO ONE SYNTHETIC CHARACTERISTIC

Crfiterion. Y can also be a synthetic vaiiable denived via the var-
iables of set X. If only some of the vandiables of X are msed fin the
fonmation of that charaoteristic, i. e., if

Y=Y (X,...,X) i{X,....X: }E X,

then the procedure for detemmining ithe group of the weakest remains
identical to the procedure presented in Paragraph 5.

For example, in ithe latest linvestigations beling cawdied out by the
UN Secretaniat, the " goal bis to bdentify that wroup of developing
countmies Hitt hardest by the oil cuisis. In the drameworlk of UNCTAD,
over iiime the opinfion has orystallized that it avould be adequate io
use the following warfables fin fthese investigations:

Xy — Per capita mational income,

X; — Foreign drade loss expressed fn tenms of drade,

X3 — Rate of growith of fimport volume,

X; — Ratte of growth of expont volume, °

X5 — The ratiio between debt repayment and valne of exponts, and

Xs — The pantidipation of industiial goods dn ttotal exports.

Dunling consultation meetings at UNCTAD, I proposed ithat the
following pavameter be Itaken as the measure of the vulnerability of a
ocoun'try caused by the ‘il cnistis:

Debt - dmport Tl
National income Export
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where T, is the rate of growth of import and 1;.is the rate of growth
of expont. The higher ithe value of Y, tthe siiofe the observed dountry
will be hanidicapped, and ithere willl be mo damage lif Debt = 0.

‘We mote that the information contalined in cditerion Y fis @ part of
the total information offered by the set of variables X.

By wising the aboveimentioned six wariables of X, we will deter-
mine, for the diven ouder Ks of the developing coumtirlies relative to
Y, the coefifidient of separability ; (6), j € { 1,..., N} and tthus deter-
mine the group of maximally handicapped countries. If the wank of
size of group iis not con'difiioned fin advance, it will be determined by

the maxinuun maximorim coefficient of separability; if the wamk of -

size ds fixed fin. advance, the group of most handicapped countriies will
be defined by the maximum coeffiicient of separability in ithe frame-
work of the comresponding subdmterval [, mg,;].

The most Highly-expressed problem in detenmining the group of
weakest elements in set S, on the basis of the observed set of warliab-
les X, ocouns im the case where all these vamiables are msed for ‘the
synthetic forimation of oditenion Y, §. e., where '

Y=Y(Xy...,X,) {Xp...,X,}=X.

Once the ondered classification of elements of S relative to Y is
established, the detenmination of the weakest group cam be made via
the idemdrogram, which lis @ more thorough procedure tham the one
with ithe coeffiicient of separability.

A ocase fn point would be the Gdentification of the most poorly-
developed countries among the developing countaies by applying the
method of Iidistance based on a set of imdicatons for sodio-economic
development X ={ X,,..., X, }. Here criterion Y ds the idegree of
sodioeconomiic development which ds demonsirated fin the form of
the Judistance between the observed couniry amd tthe fiotitious mmost
poorly-developed country, i.e., fthe fictitions country whose walues of
selected imdicators conrespond to the minimal value of X in set S,

n Xl"_;:; Fi
Y=Y (X0 X) = DI (I—1y ... ;1) 6.2)

i=/ ai i=!

where X; gs ithe mrindmal value of the mdicator X; fn set S, ¢ is the

stamidamid deniation of X;, and j - 12...j —1 fis the pantial coefificient

of comrelation between X; and X; for the fixed values X, X, ... X5 .
For the obtained onder

K5= <Y],1r2,...,},N>,
where Y, s the T:distance between country e, and the ifictidious wealk-

est couniry e, it will mot be possible to detemmine a idirect dendro-
gram, i.e., via direot dififerences between the isuccessive members of
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that sequence. More predisely, fthese differences wre mot simultan-
eusly the comresponding Idistance because, as we see fin Rig, 6, for
eachre{l,...,N}

Y (En er—!) = Yr_' Yr—l'

Thiis ds why, tin onder to forim the dendrogram, a calalation must
fiist be made of the [-distances of the meighboring idiagonal of the
prtincipal diagonal of the distance matrix.

With a dendrograim 'detenmlined ln this way, we will obftalin a
seifies of wltennative solutions for establishing the group bf most
poorily«developed coumtalies @mong the developing countries

KB = <B]u, B’Zl) .. 'JB’IHI >,

where m <IN, We ~wiill be able to pinpoint ithe wery group of the
poorestideveloped fif the bonderline of striciness of the aftedion for
limkage s given, or if the wank of size of group of the weakest is
given. Similarly, if @greement bs reached that coumimies ey, €;....,
o, should foin the group of rthe weakest, then ¢he group of the
poorestideveloped countries will be represented by the wnost restric-
five class ©of the hierarchical dlassification of the obtained dendro-
gram which contalins the elements e, €y, €r, ..., €

Fimally, if sve are given no pre-condifiions, the group of poorest-
developed countries among the developing countiiies can be represen-
ted by ithat group B’ for which

Max{ | By l— Byl }, (6.3)
I < l'<N-fJ

beaanise that class s most obviously separated on the dendrogram.

For example, on the Fig. 2 demdrogram, the best-separated group
of the nveakest would be represented by group B’y because the dif-
ference | B'ppy | — [ B’y | s the biggest for T = 4.

<

1
i
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1
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1
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13
r
)

Figure 6
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7. THE APPLICATION OF THE COMBINED METHOD OF F. I. FOR
TDENTIFYING THE GROUP OF WEAKEST 'ELEMENTS .IN- AN
OBSERVED SET! -~

Again we assume that on ithe basis of arfiterion Y we have de-
termined the ordered classification Kg of the elements fm set S amd
that we wish to separate the group of weakest elements msing the
set of vadiables X. In tthe example of ddenififying the group of most
pootlly-developed countries, Y can be the I:distance, calculated on the
tbasts of variables {X;, ..., X }.

We denote by C; the set of those elememnts for which =ll the in-
terested panties dgree that they should foin the group of the weakest;
we denote by C, the set of those elements for which it has been
agreed by all that they should mot be lnciuded in ithe group of the
weakest. Iit iis obvious lthat :

CNG=2 CUGceS.

Sets C; and C, wepresent two accumulations of points lm space
Rk We denote by X' amd X the centers of igravitation of sets C
and C, fn RX, and by M the weighted arithmetical mean of these
centers. Let W be tthe dispension maftmix of X amd dj = x'j—x"y.

Fisher's hyperplane of discrimination

[T~
o

Vvii di'(XI—AI,'_) = 0

f 1

n

-
~.
1]

separates fin the best possible way the accumulation of points C; and
C, in gpace RX.

Now we tmclude ithe other poimts of set S. Fisher's hyper{plane
divides space RF fmio two such wegions that we accept ithat ithe in-
vestigated point belongs to the group of the weakest if fit ds found
in the region RY, b.e., in the region on which X' lis fourid.

We defime the group of weakest elemenits of iset S fin fthe fol-
lowiing way:

The group of the weakest will be formed by - those elements of
S whose points are found fn wregion R and whose wank in Ky is
below ithe rank of all the elements whaose points ere found fm R,
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SELEKCIJA ELEMENATA IZ DATOG SKUPA
U ODNOSU NA JEDAN XRITERIJUM = =

Branislay IVANQVIC

Rezime

Predmet ovog rada fe refavanje problema identifikacije jednog
podskupa iz datog skupa elemenaia koji bi, kao zasebna celina u od-
nosu na neki kriterijum, predstavijao jednu eksiremnu grupu toga
skupa.

Takav problem bi, pre svega, bio selekcija najboljih ili najsie-
bijih elemenata jednog skupa u odnosu na jednu ili viSe primenjivih
ili u odnosu na jedan zajednicki sinteticki kriterijum. Problemi ove
vrste vezani su u svakodnevnoj praksi za mnegobrojne druSivene, na-
ucne i privredne aktivnosti.

ReSavanje ovih problema, w vidu identifikacije grupe najboljih
ii grupe najslabijih elemenata posmatranog skupa elemenata na os-
novu nekog kriterijuma X, bice znaino olakSano ako se taj kriteri-
jum moZe kvantifikovati i tako uspostaviti redosledna klasifikacija
elemenata posmatranog skipa. Tada se problem svodi na to da se
u tom redosledu povuku granice koje bi izdvojile grupu najboljih od-
nosno grupu najslabijih elemenata.

Ovako definisan problem je u opStem slucéaju neodreden, jer ako
ne postoje neki dopunski uslovi, broj mogucih reSenja ce biti jednak
broju elemenata umanjenom za jedan.

U radu je dato nekoliko postupaka za smanjivanje stepena ne-
odredenosti tako da dobijeni redosled za dati kriterijum moZemo ko-
ristiti odgovarajuéu malricu sliénosti i preko Sorensen-ovog dendro-
grama definisati hijerarhijsku klasifikaciju posmatranog skupa ele-
menata. Ova hijerarhija nam omoguéava da putem metode resirik-
tivnih klasa obrazujemo jedan redukovani monotoni niz delova toga
skupa &je je zajednicko jezgro njegov prvi (najbolji) odnosno posled-
nji (najslabiji) elemenat. Na taj nacin bide smanjen stepen neodre-
denosti, jer je redukovan broj alternativnih reSenja a medusobne raz-
like izmedu delova munogo su jasnije izraZene nego izmedu susednih
elemenata u redosledu pa je mnogo lakSe i doneti odgovarajude od-
luke.

Na analogan nadin se mogu re$iti i problemi kod kojih se redo-
sled odreduje preko jednog a dendrogram preko nekog drugog krite-
rijuma.

U praksi se deSava da se unapred, iz nekih posebnih razloga, od-
ludi da neki elementi treba da udi u grupu najslabijih. Da bi se i ta-
da dollo do objektivnog i pravednog reSenja, koristice se uz Soren-
sen-ov dendrogram i metod restriktivnilt klasa i tako dobiti grupa naj-
slabijih koja ée sadriavati i one unapred ukljucene elemente. ReSe-
nja ée tada biti jedinstvena.

Takode, posmalran je sluéaj kada je redosled elemenata odreden
preko jednog kriterijuma i kada se skup alternativnih reSenja podele
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na grupi najslabijih i grupu qstalih elen_zﬂgﬁa’tg,-odre'dujev-preko jed—
nog multidimenzionalnog kr‘?tgpjuz71¢ Ovaj *pyoblem je reSen optima-
lizacijom odgovarajuéil koeficijenata separabilnosti. ) .

Najzad, danas se najéesce susrecemo sa problemima u kO].u?u‘l se
redosled elemenata vrii preko nekog faktora koji se kvantitativio
iskazuje preko jednog sintetickog indikatora izvedenog preko.datog
niza pokazatelja. Metod koji ukljuduje Sorensen-ov dendrogram, oro-
gudéice nam da dodemo do preciznijih rezultata nego metod koeficije-
nata separabilnosti.

EMPIRICAL RESEARCH INTO GERMAN CODETERMINATION:
PROBLEMS AND PERSPECTIVES

Hans G. NUTZINGER*

I INTRODUCTION: ORIGINS AND CONCEPTS

I.1 Historical overview

The lidea of m constiiuiional fimftation of priivate property rights
— and especially of the wight o divect other people's work derived
firom this property — has a long ‘radition in Germany, stantiing as
early as fn ithe National Assembly of Frankfumt in 1848 (Paulskirche).
The development of am fnstimtionalized employee ,,codetenmination’”
as a modification (or, as property rights theoxists would prefer to
call it, "attenuation') of propenty zights with regard to the use of the
mean's of production has ito be lseen against the background of the spe-
cific economiic and political development of Germany, above all in the
late 19th and ithe eamly 20th century.?

The spedifiic features of the Genman course of events dn the frame
of the general process of fndustrialization §n Western Burope and
l\gi)nthann Amegica have to be seen mainly fin the following charaoter-
sitfics:

— In confrast ko the leading Furcpean powers in the middle of
the 15th century, especially England end France, Geymany had not
yet overcome the historical splintering of the ternitory, and its way
to a modern mation-state wals further complicated by the emerging
conflliat between Prussia and Austnia.

* University of Kassel

' See section III below for a oritical examination of the socalled
"attenuation” aspect of codetenmination.

* For an overview of the histofical development, see Nutzinger (1981)
with further references.
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bacher (Protestant Interdisciplinary Research Institute Heidelberg), Felix
R. Ritz Roy (Intemational Institute of Management, Berlin) and the par-
ticipants of both the 1983 Interlaken Seminar on "Analysis and Ideology"”
and ithe SSRC Summer Wonkshop 1983 at the University of Warwiak.



